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In the following, we will provide a gentle and pedagogical intro-
duction to reproducing kernel bases and the mathematics of our
formulation of sampling. To make the discussion more accessible,
we will employ the space H4

Leg ≡ H4
Leg([−1, 1]) spanned by the

first five Legendre polynomials Pi(x) : [−1, 1]→ R as our running
example for which all constructions are concretely realized. The
reader is encouraged to follow the examples with the accompanying
Matlab code (the name of the file used to generate each example
will be given in brackets). The development of reproducing kernel
bases is preceded by an introduction to function spaces. It includes
a discussion of biorthogonal and overcomplete representations and
how these can be realized numerically on a computer, a subject
less frequently discussed in the literature. Reader familiar with this
material can begin reading in Sec. 2 and refer to Sec. 1 only when
need arises. We will omit proofs in the following. These can be
found in standard texts such as [DeVore and Lorentz 1993; Mallat
2009; Daubechies 1992].

1 Function Spaces and Numerics

In this section we will introduce the mathematical language that
provides the basis for our formulation of pointwise numerical tech-
niques. In particular, we will introduce function spaces, with an
emphasis on Hilbert spaces, and then discuss when and how one can
work numerically with them.

1.1 Linear Function Spaces
Function spaces are vector spaces whose elements are functions.
The functions f : X → R are defined over a base space X , in the
simplest case just Euclidean space or a subset thereof, i.e. X ⊆ Rn.

Example 1 (legPlotRandom). Many classical function spaces
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are formed by polynomials up to degree n on the real line R. Shown
below are three polynomials f1, f2, f3 of degree four on X =
[−1.0, 1.0] that are elements in H4

Leg (we will formally introduce
the space below):
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A defining property of function spaces is linearity, which mathe-
matically is the central property of vector spaces. The notion derives
from the linear properties of Rn, where vectors can be scaled by real
numbers and added together, and these operations are closed and
yield again elements in n-dimensional Euclidean space. By analogy,
for a function spaces F(X) linearity is defined as

g(x) = a1f1(x) + a2f2(x) + · · ·+ anfn(x) ∈ F(X) (1)

where the coefficients ai ∈ R are real numbers and the fi ∈ F(X)
are functions in F (X), and g(x) is again an element in the space
F(X).

Example 2 (legPlotLinCombination). A function g(x) =
0.5 f1 + 0.6 f2 + 0.7 f3 that is the linear combination of the three
functions f1, f2, f3 in Example 1:
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1.2 Spanning Sets, Bases, and Frames
A special case of Eq. 1 is when a set of n functions fi enables to
represent any g(x) ∈ F(X) by a linear combination of the form

g(x) =

n∑
i=1

gifi(x) (2)

for some scalar coefficients gi ∈ R. The functions fi then form a
spanning set for F(X). The best known form of a spanning set
is a basis, and in this case removing any one of the fi from the
set {fi}ni=1 also removes the spanning set property. Equivalently,
the basis functions fi of a basis {fi}ni=1 are linearly independent
and none of the fi can be represented as a linear combination of
the remaining ones. The number of functions in a basis equals the
dimensionality dim (F(X)) of the function space F(X).

Example 3 (legPlotLegendre). The first five Legendre poly-
nomials Pi, 0 ≤ i ≤ 4, form by construction an orthogonal basis
for the space H4

Leg; in fact, the space is defined as the linear span
of P0 (blue), P1 (green), P2 (red) , P3 (cyan) , and P4 (magenta):
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Most function spaces used for numerical computations arise in this
way as the span of a set of functions.

A function space has many different bases, even when we require
additional properties such as orthogonality. This is already apparent
in Rn where any rotation of the standard orthogonal basis {ei}ni=1

is again an orthogonal basis for the space.

A basis contains the minimum number n of functions that is needed
to span a spaceF(X) of dimension n, a property sometimes denoted
as criticality. A spanning set with more “basis functions” than
necessary, or, equivalently, where the number of basis functions
exceeds the dimension n of the space, is known as a frame. For
a frame, the expansion in Eq. 2 still holds although, as we will
discuss shortly in more detail, the real-valued coefficients gi are
then no longer unique. The ratio of the number m of elements in
a spanning set and the dimension n of the function space is known
as the redundancy r = m/n. For infinite dimensional function
space the dimensionality n and the number of basis functions can
no longer be used to distinguish a frame from a basis. Nonetheless,
the difference is still well defined; see the references at the end of
the section.

Example 4 (plotMercedesBenzFrame). The so called Mer-
cedes Benz frame for R2 is given by

ē1 = (0, 1)

ē2 = (−
√

3/2, 1/2)

ē3 = (
√

3/2, 1/2).

Since there are three basis functions for a two dimensional space
the redundancy is r = 3/2. See Example 11 for a visual depiction.

The utility of frames often lies in their redundancy. For example,
this makes them resilient to errors or partial loss of information.
Additionally, compared to a basis, a frame provides more flexibility
in how the spanning functions can be chosen, for example to better
adapt to a signal (this is the idea underlying pursuit algorithms,
cf. [Mallat 2009, Chapter 12]).

Example 5 (legPlotLinCombination). A frame for H4
Leg is

given by {P0, P1, P2, P3, P4, g} where g(x) = 0.5 f1 + 0.6 f2 +
0.7 f3 is the function from Example 2 (since the Pi are polynomials
of degree i the fj can be defined in terms of the Pi). The frame has
a redundancy of r = 6/5.

1.3 Inner Products, Norms, and Hilbert Spaces

A spanning set {fi}mi=1 enables to represent any function in a func-
tion space F(X) through the expansion

g(x) =
n∑
i=1

gifi(x) , ∀g(x) ∈ F(X). (3)

Put differently, for each g(x) ∈ F(X) there exist real-valued coeffi-
cients {gi}ni=1 such that the equality above holds. For the expansion
in Eq. 3 to be practical one needs a means to determine the scalar
coefficients gi. By construction, the gi represent the contribution of
the ith basis function fi to g(x). Hence, to find gi we need to mea-
sure the correlation between the signal g(x) and the basis functions
fi(x).

In Rn the dot product measures the directional correspondence
between vectors. The generalization of the concept to vector spaces
is known as inner product

〈 , 〉 : F(X)×F(X)→ R : 〈f, g〉 7→ R, (4)

that measures “correlation” between functions. Importantly, inner
products are compatible with the linear structure of function spaces
in that

〈a f + b h , g〉 = a 〈f, g〉+ b 〈h, g〉 (5)

for functions f, g, h ∈ F(X) and scalars a, b ∈ R. As in the
Euclidean case, the inner product induces a compatible norm

‖ · ‖ : F(X)→ R+
0 :

√
〈f, f〉 = ‖f‖ → R+

0 (6)

that enables to measure the “length” or “magnitude” of functions.
This also allows us to talk about normalized functions satisfying
‖f‖ = 1. As in the Euclidean case, when ‖f‖ = ‖g‖ = 1 then
the inner product 〈f, g〉 can be interpreted as the cosine of the angle
between f and g,

cos (∠(f, g)) = 〈f, g〉 , ‖f‖ = ‖g‖ = 1. (7)

Example 6 (legPlotInnerProducts). For the space Hn
Leg,

the inner product is the L2 inner product

〈f, g〉 =

∫ 1

−1

f(x) g(x) dx.

The norm is consequently given by

‖f‖ =

∫ 1

−1

|f(x)|2 dx =

∫ 1

−1

f(x)2 dx

where | · | denotes the pointwise absolute value. Unless mentioned
otherwise, we will always employ the L2 inner product in the fol-
lowing. For the following example functions g1(x), g2(x), g3(x) in
Hn

Leg:
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the inner products with the Legendre polynomials are given by

〈·, P0〉 〈·, P1〉 〈·, P2〉 〈·, P3〉 〈·, P4〉

g1(x) −0.0137 0.0624 −0.1602 0.0498 −0.3708

g2(x) −0.2797 −0.2483 0.4522 −0.9506 0.1003

g3(x) −0.1566 0.2437 −0.6749 −0.1809 0.2355

When we compare the values with the plots of the Legendre basis
functions in Example 3 we see that the inner products indeed mea-
sure “correlation” or “similarity” between functions. Also note
how a negative correlation corresponds to a basis function reflected
at the x-axis.

In Euclidean space Rn, an important role is played by the notion of
orthogonality. For example, the canonical basis {ei} is formed by
orthogonal vectors and normals are vectors orthogonal to a surface.
With an inner product we can generalize the concept of orthogonality
to function spaces. Two functions f, g ∈ F(X) are orthogonal
when they satisfy

〈f, g〉 = 0 (8)

and they are orthonormal when additionally ‖f‖ = 1 and ‖g‖ =
1 and the functions are normalized. One of the most important



applications of orthonormality are orthonormal bases {fi}ni=1. For
these the basis functions satisfy:

〈fi, fj〉 = δij =

{
1 if i = j
0 otherwise (9)

The δij on the right hand side is known as Kronecker delta.

The most important function spaces with an inner product are
Hilbert space. These also satisfy completeness, that is that the
limit of any sequence of functions in the space lies again in the
space. In the finite dimensional case, the ones typically of interest
to us, this is always satisfied. Unless mentioned otherwise, in the
following we will always work in a Hilbert space and generically
denote it asH(X).

1.4 Basis Projection
In concert with our initial motivation for considering the concept,
inner products provide the principle tool to obtain expansion coeffi-
cients for bases and frames. Let us begin with our model space Rn.
For a vector v ∈ Rn with basis expansion v = v1e1 + · · ·+ vnen
the expansion coefficients are given by

vi = v · ei = 〈v, ei〉. (10)

Hence, the ei are not only the basis functions but mediated through
the inner product they are also the associated projection operators.
That the ei are both the basis functions and the projectors relies
crucially on the orthogonality of the canonical basis {ei}ni=1. To see
this, let us consider an arbitrary v, w ∈ Rn. For the projection onto
w we then have

〈v, w〉 =

〈
n∑
i=1

viei , w

〉
. (11a)

Exploiting the linearity of the inner product, Eq. 5, we obtain

〈v, w〉 =

n∑
i=1

vi〈ei, w〉. (11b)

and the projection hence involves a sum with “weights” 〈ei, w〉.
Eq. 10 only holds when w coincides with ej since only then

〈ei, w〉 = 〈ei, ej〉 = δij (12)

and the sum collapses to a single term.

The above computation of basis function coefficients for orthonor-
mal bases in Rn carries over immediately to function spaces. Let
{fi}ni=1 be an orthonormal basis for the Hilbert spaceH(X). Then
the basis function coefficients are given by

gi = 〈g(x), fi(x)〉 (13)

and the associated basis expansion can be written as

g(x) =
∑
i

〈
g(y), fi(y)

〉
fi(x) (14)

where y is a dummy variable used solely for the inner product.

Example 7. For an arbitrary g ∈ Hn
Leg, the basis function coeffi-

cients are given by

gi = 〈g(x), Pi(x)〉 =

∫ 1

−1

g(x)Pi(x) dx.

Eq. 11 poses the question what consequences it has to relax orthonor-
mality of the basis functions, for example if the inner product can
then still be employed to obtain the expansion coefficients for Eq. 3.

Let us consider a basis {ēi}ni=1 for Rn but with basis vectors ēi
that are not orthogonal. What are then the projectors, analogous to
Eq. 10, to obtain the expansion coefficients? Denote a hypothetical

projector onto the ith basis function ēi by ẽ. If we require again that
the expansion coefficients are determined through the inner product,

vi = 〈v, ẽi〉 (15)
it follows from Eq. 11b, in analogy to the orthogonal case, that the
“projectors” ẽi have to satisfy

〈ēi, ẽj〉 = δij . (16)
Although it might not be apparent on first sight, Eq. 16 is less strin-
gent than orthonormality and in particular the ẽj will in general
differ from the ēi. Eq. 16 is known as biorthogonality condition.
Importantly, it defines the “projectors”, known as dual basis func-
tions, for a given set of basis functions. The tuple

({ēi}ni=1, {ẽi}ni=1) (17)

is known as biorthogonal basis.

Example 8 (plotBiorthoBasisR2). A biorthogonal basis for
R2 formed by ({ē1, ē2}, {ẽ1, ẽ2}) (full: primary basis vectors; dot-
ted: duals; color used to indicate correspondence):

In a Hilbert space, biorthogonal bases are also defined by the
biorthogonality condition in Eq. 16. It is then given by

〈f̄i(x), f̃j(x)〉 = δij . (18)

The associated basis expansion is

g(x) =

n∑
i=1

gi f̄i(x) =

n∑
i=1

〈
g(y), f̃i(y)

〉
f̄i(x) (19)

where y is again a dummy variable solely used for the inner product.
In practice, one starts typically with a non-orthogonal basis given by
n linearly independent vectors and then employs the biorthogonality
condition to construct the dual basis functions f̃i. We will see shortly
how this can be done in practice. It is also important to note that the
primary and dual basis are interchangeable, that is

g(x) =
∑
i

〈
g(y), f̃i(y)

〉
︸ ︷︷ ︸

g̃i

f̄i(x) =
∑
i

〈
g(y), f̄i(y)

〉︸ ︷︷ ︸
ḡi

f̃i(x).

However, the basis function coefficients g̃i and ḡi will not coincide
and depend on whether the f̃i(y) or the f̄i(y) are used as primary
basis functions.

Example 9 (legPlotBiorthoBasis). A biorthogonal basis
for H4

Leg is given by:
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The corresponding dual basis functions, defined by the biorthogonal-
ity condition, are given by (colors used to indicate correspondence
to the primary basis functions in the above figure):
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The primary and dual basis functions both span the same space
as the first five Legendre polynomials, shown in Example 3, and
infinitely many such biorthogonal basis pairs exist. The basis shown
above was generated by randomly sampling H4

Leg.

For an overcomplete frame, the dual functions are no longer unique.
However, the expansion

g(x) =

m∑
i=1

gi f̄i(x) =

m∑
i=1

〈
g(y), f̃i(y)

〉
f̄i(x) (20)

still holds for any choice of the dual frame functions f̃i. It is clear
from the above expansion that the non-uniqueness of the dual frame
implies that also the expansion coefficients gi are no longer unique
(and should be written more appropriately as gi(f̃i)). The non-
uniqueness of the dual frame enables to choose functions that satisfy
a suitable optimality constraint. The one most commonly used is
L2-minimality. We will typically consider the L2-minimal dual and
if there is the possibility of confusion we will call it the canonical
dual.

Example 10 (plotDualFrameNonUniqueness). For a frame
in R2 given by (left plot in the figure below)

ē1 = e1 ē2 = e2 ē3 = e1 − e2

the canonical dual (middle below) is given by

ẽ1 = 2/3 e1 + 1/3 e2
ẽ2 = 1/3 e1 + 2/3 e2
ẽ3 = 1/3 e1 − 1/3 e2.

An alternative dual (cf. [Kovacevic and Chebira 2007]) is (right in
the figure below)

ẽ1 = 6/5 e1
ẽ2 = −1/5 e1 + e2
ẽ3 = −1/5 e1.

In fact, we can construct other duals by replacing 1/5 with any
non-zero real number a (for ẽ1 we then have ẽ1 = (1.0 + a) e1).

The frames that are most similar to an orthonormal basis are tight
frames. The dual frame functions then coincide, possibly up to a
normalization constant, with the primary frame functions. Hence, as
in the case of an orthonormal basis, they can be obtained trivially.
More precisely, for a Parseval tight frame the primary and dual

frame functions coincide but are not normalized while for a unit
norm tight frame the primary frame functions are normalized but
the dual functions are not and differ from the primary ones by a
scaling factor of 1/r = n/m where r is the redundancy of the
frame.

Example 11 (plotMercedesBenzFrame). The Mercedes Benz
frame introduced in Example 4 is a unit norm tight frame. The
dual frame functions (right, blue) are hence scaled versions of the
primary ones (left, red):

Other types of frames with special properties exist. We refer to [Ko-
vacevic and Chebira 2007; Casazza and Kutyniok 2013] for more
details.

1.5 Inner Products and Projection

In the foregoing we assumed that the function of interest lies in the
space spanned by the basis or frame we considered. In practice,
however, one often has a signal in a spaceF(X) and wants or
needs to represent it in a “smaller” space F(X). For example,
F(X) might be an infinite dimensional space and F(X) a finite
dimensional approximation space used for numerical computations,
see below. The simplest situation, and the only one we will consider
here, is when F(X) is a closed subspace ofF(X), i.e. F(X) ⊂
F(X). Among other things, this implies that F(X) inherits the
inner product ofF(X).

Example 12. The Hilbert space L2([−1, 1]) is defined as the space
of all functions f : [0, 1]→ R with finite L2-norm, i.e. satisfying

‖f‖2 = 〈f, f〉 =

∫ 1

−1

|f(x)|2 dx <∞. (21)

Our example space H4
Leg is a closed subspace of L2([−1, 1]) of

dimension 5. Its inner product is hence induced by the larger space
L2([−1, 1]).

Let us assume F(X) is spanned by our basis or frame
({ϕi}mi=1, {ϕ̃i}mi=1). For a function f(x) ∈ F(X) the optimal
approximation in F(X), denoted by f̄(x), is given by the projection
onto the space, that is

f̄(x) =

m∑
i=1

〈
f(y), φ̃i(y)

〉
φi(x). (22)

For applications, one has to choose an approximation spaceF(X),
or equivalently a basis or frame that spans such a space. The choice
is crucial to accurately approximate the signals of interest so that the
residual

err = ‖f − f̄‖F (X)
(23)

is small. Finding such bases for different types of signals and ap-
plications is the central subject of approximation theory, see for
example [DeVore and Lorentz 1993; Mallat 2009].



Example 13 (legPlotApproximations). L2-optimal approx-
imations (dashed) of three test signals (full lines), a smooth signal
in H30

Leg (red), a smooth signal with singularities (blue), and a piece-
wise constant signal (cyan), in H4

Leg:
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The same signals approximated in the larger space H20
Leg:
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1.6 Hilbert Space Numerics
In the following, we will turn to numerical computations with con-
tinuous functions. First, however, we will have to understand under
what circumstances such computations are possible on a computer.
Often the word “discrete” arises in this context. However, since
it has different meanings to different people we will avoid it. The
condition for working with the elements of a function space can be
formulated more clearly and precisely as follows: the function space
has to be finite dimensional.

Numerical Representation of Functions As we discussed in
the foregoing, in a Hilbert space H(X) with orthonormal basis
{φi}mi=1 a function f ∈ H(X) can be represented by

f(x) =

n∑
i=1

fi φi(x) (24)

and it is completely (and uniquely) characterized by the expansion
coefficients fi. Assuming that H(X) ≡ Hn(X) is finite dimen-
sional and of dimension n, the fi can be written as an n-dimensional
column vector

fn = (f1 · · · fn)T . (25)

With this interpretation, the orthonormal basis {φi}ni=1 provides a
map

A(φi) : H(X)→ Rn : f → fn, (26)

known as the analysis operator, that takes continuous functions
f ∈ Hn into n-dimensional vectors fn ∈ Rn. Moreover, the map
has the explicit expression

fi = 〈f(x), φi(x)〉 (27)

for each element fi of fn. The reconstruction formula in Eq. 24
is the inverse map taking n-dimensional vectors in Rn back into
continuous functions inHn. It is known as the synthesis operator

S(φi) : Rn → H : fn → f. (28)

The above correspondence between continuous functions and Rn is
also fully consistent with the usual component notation (v1, v2, v3)
for vectors in R3 which is shorthand notation for v = v1 e1+v2 e2+
v3 e3.

Example 14 (legPlotBasisExpansion). For the spaceH4
Leg

of dimension 5 a signal f(x) is uniquely characterized by 5 basis
function coefficients fi. For example the coefficients

f5 = (0.71, 0.15, 0.10, 0.79,−0.40)T

correspond to the following signal (the Legendre basis functions are
shown in the background):
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The analysis operator A(φi) in Eq. 26 that maps from Hn to Rn
does not only allow to represent functions f ∈ Hn as vectors
fn ∈ Rn but it also preserves the essential structure of the Hilbert
spaceHn. For example, the linearity ofHn becomes in Rn:

f(x) + g(x) =
n∑
i=1

fi φi(x) +
∑
j=1n

fj φj(x) (29a)

=

n∑
i=1

(fi + gi)φi(x). (29b)

Hence, the addition of functions f + g inHn is given in Rn by the
addition fn + gn of basis function coefficient vectors; that is

f + g =

 f1
...
fn

+

 g1
...
gn

 . (30)

Similarly, for scalar multiplication of a function with a real number
a ∈ R we have

a f(x) = a

(
n∑
i=1

fi φi(x)

)
=

n∑
i=1

(a fi)φi(x) ∼= a fn. (31)

Example 15 (legPlotSignalAddition). The addition of two
functions f1(x) and f2(x) can be realized as pointwise addition
of the function values or through the addition of the basis function
coefficient vectors followed by reconstruction. For two random
signals inH4

Leg we thus have

fsum = f1 + f2 =


0.71
0.15
0.10
0.79
−0.40

+


0.26
−0.01
−0.02
−0.40

0.51

 =


0.97
0.14
0.08
0.40
0.11


and that this equals pointwise addition of the signals (dotted) can
be verified by visual inspection:
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Next, let us consider what happens to the inner product of the Hilbert
space under the analysis operator. For two functions f, g ∈ Hn we



obtain:

〈f, g〉 =

〈
n∑
i=1

fi φi,

n∑
j=1

gj φj

〉
(32a)

and using linearity yields

〈f, g〉 =

n∑
i=1

n∑
j=1

fi gj〈φi φj〉. (32b)

Since {φi}ni=1 is an orthonormal basis satisfying 〈φi, φj〉 = δij we
have

〈f, g〉 =

n∑
i=1

fi gj = fn · gn. (32c)

where · denotes the dot product in Rn. Hence, the continuous inner
product 〈f, g〉 inHn is mapped to the dot product fn · gn between
basis function coefficient vectors in Rn. This result only holds when
{φi}ni=1 is an orthonormal basis. However, analogous results can
be shown for biorthogonal bases and frames.

As we discussed in Sec. 1.3, in a Hilbert spaces the norm is induced
by the inner product. Hence, we also have

‖f‖2 =

n∑
i=1

|fi|2 = fn · fn = ‖fn‖2 (33)

where the norm on the right hand side is the usual one in Rn. For the
Fourier transform, Eq. 33 is known as Parseval’s identity. However,
its analog for bases holds much more generally for any orthogonal
basis for arbitrary Hilbert spaces, be they finite or infinite dimen-
sional.

Technically speaking, the above correspondences establish that an
orthonormal basis provides an isomorphism between the Hilbert
spaces Hn and Rn. Practically, this means that all natural opera-
tions inHn have correspondents in Rn. Hence, instead of working
with functions in Hn we can equally well work with vectors in
Rn. But using linear algebra, Rn is readily amenable to numerical
computations on a computer!

Example 16 (legPlotInnerProduct). The two functions
f1, f2 ∈ H4

Leg (red and blue below) are approximately equal when
one is flipped at the x-axis:
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The inner product between the functions is given by:

〈f1, f2〉 =

∫ 1

−1

f1(x) f2(x) dx

and since the integral is difficult to evaluate we can instead use the
isomorphism to Rn and compute

〈f1, f2〉 = f5
1 · f5

2 =


−0.0065

0.0092
−0.0238

0.5752
−0.0681

 ·


0.0228
−0.0424
−0.0167
−1.1176

0.0520

 = −0.6465

The opposite sign in f1
4 and f2

4 corresponds to an “anti-correlation”,
or a reflection at the x-axis. Two functions g1, g2 ∈ H4

Leg (again red
and blue) that have little similarity:
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Their inner product is given by

〈g1, g2〉 =

∫ 1

−1

g1(x) g2(x) dx

= g51 · g52 =


0.0630
0.0330
−0.0034

0.8261
−0.0109

 ·


0.0763
0.0233
−0.0105

0.0313
−1.0298

 = 0.0427

and the small absolute value reflects the dissimilarity.

Numerical Representation of Operators Operations on func-
tions f ∈ H(X) that yield again functions are described by opera-
tors acting on the function space. Probably unsurprisingly in light of
the previous results, when the function space is finite dimensional
then operators have a representation as matrix.

An operation of particular importance for us in the following is
a change of basis. It describes how basis function coefficients fi
with respect to a basis {φi}ni=1 get mapped to basis function co-
efficients f̄i with respect to another basis {ψi}mi=1. For simplicity,
let us assume that {φi}mi=1 is orthonormal but let {ψi}ni=1 be an
arbitrary basis or frame. By definition, we have for the basis function
coefficient for a function f ∈ H(X) with respect to ψi that

f̄i = 〈f, ψi〉 . (34a)

Expanding f in {φi}ni=1 we obtain

f̄i =

〈
n∑
j=1

fj φj , ψi

〉
. (34b)

Using linearity yields

f̄i =

n∑
j=1

fj 〈φj , ψi〉 . (34c)

By definition, the inner products 〈φj , ψi〉 provide also the expansion
coefficients ofψi in the basis {φj}nj=1. Collecting the inner products
for all ψi in a matrix we obtain

A =

 〈ψ1, φ1〉 · · · 〈ψ1, φn〉
...

. . .
...

〈ψm, φ1〉 · · · 〈ψm, φn〉

 . (35)

The change of basis can then be written as the matrix-vector equation

f̄m = Afn. (36)

where f̄m = (f̄1, · · · , f̄m) and fn = (f1, · · · fn) and A maps
the coefficients with respect to {φi}mi=1 to those with respect to
{ψi}ni=1.

The change of basis matrix A also enables to easily construct dual
bases or frames. Using A, the biorthogonality condition 〈ψi, ψ̃j〉 =
δij in Eq. 18 is equivalent to

Id = AA−1 (37)

where Id is the n×n identity matrix and A−1 is to be interpreted as
a pseudo-inverse when A is not a square matrix, that is when the ψi



form a frame. This can be seen by writing out Eq. 37 in component
form

δjk =

n∑
i=1

AjiA
−1
ik (38a)

and using that Aji is the j th basis function coefficient of ψi(x), and
analogously for ψ̃i(x). We then obtain

δjk =

n∑
i=1

ψji ψ̃
k
i . (38b)

But the biorthgonality condition for the ψi(x) and ψ̃j(x), expanded
in {φi}ni=1, is

δjk = 〈ψj(x), ψ̃k(x)〉 (39a)

=

〈∑
i

ψji φi(x),
∑
l

ψ̃kl φl(x)

〉
. (39b)

Using linearity and the orthogonality of the φi(x) we obtain

δjk =
∑
i

∑
l

ψji ψ̃
k
l 〈φi(x), φl(x)〉 (39c)

=
∑
i

ψji ψ̃
k
i . (39d)

When we compare Eq. 38b and Eq. 39d we see that Eq. 37 is in-
deed equivalent to the continuous biorthogonality condition. The
importance of Eq. 37 lies in its constructive nature: given a set of
functions that spanHn, overcomplete or not, it allows us to obtain
the dual functions. And with the dual functions we have the second
part of a basis pair so that we can represent and reconstruct arbitrary
signals in Hn. The primary and dual basis functions are thereby
both expressed through their basis function coefficients with respect
to an orthonormal reference basis.

The basis matrix A also contains information if the set of vectors
it corresponds to is a basis or not. When the functions ψi(x) that
form A do not span Hn then the matrix is singular and cannot be
inverted, expressing the fact that the projection coefficients 〈ψi, f〉
do not contain enough information to reconstruct f ∈ Hn. Since
reconstruction of the basis function coefficients of an arbitrary signal
with respect to the orthonormal basis is determined by the solution
of a linear system the quality of a representation is given by the
condition number cond (A) of the basis matrix A. This is one of the
reasons why orthonormal bases, for which the condition number of
A is unity, are typically desirable in applications. Orthonormality is
a very strong requirements that rules out other properties and hence
one often uses biorthogonal or overcomplete bases in practice.
Remark 1. In the above construction, the orthogonal basis {φi}ni=1

can be thought of as a “primitive” or “reference” basis that is
used for the representation of {ψi}mi=1 and its dual through their
expansion coefficients. We will frequently employ this nomenclature
in the following.

Example 17 (legPlotBiorthoBasis). The change of basis
matrix from the Legendre polynomials {Pi}4i=0 to the biorthogonal
basis {φi}5i=1 in Example 9 is

A =


−0.225 −0.807 0.142 −0.931 −0.228
−0.277 −0.894 −0.536 −0.247 1.052

0.678 −1.081 −0.631 −0.046 −0.215
0.336 1.433 0.301 −1.096 0.225
0.033 0.535 0.861 0.463 −0.628



The (i, j)th element of A is the basis function coefficients for the
ith biorthogonal basis function with respects to Pj−1. The matrix
inverse of A is given by

A−1 =


−0.455 0.713 1.225 0.672 1.181
−0.308 −0.525 −0.360 0.146 −0.591

0.218 1.201 0.291 0.360 1.962
−0.565 0.137 0.019 −0.334 0.308
−0.403 1.337 0.169 0.406 0.880


and the (i, j)th entry of A−1 is the basis function coefficient of φ̃j
with respect to Pi−1.

Operators closely related to a change of basis are projection opera-
tors. In the simplest case, these are realized by rectangular “identity
matrices”.

Example 18. The matrix that represents the projection from the
infinite dimensional space L2(R) ontoH4

Leg, expressed in Legendre
polynomials, is the (5 ×∞)-dimensional matrix P whose entries
are

Pij =

{
δij if j < 5

0 otherwise
(40)

Example 19. The projection operator fromH4 ontoH2, realized in
the Legendre polynomials, is

P =

(
1 0 0 0 0
0 1 0 0 0

)
. (41)

A matrix expression for projection operators of the above form
as rectangular identity matrices only exists if the domain of the
projection operator and its image space “align nicely”, in particular,
if there is a basis such that the image is spanned by a subset of the
basis functions of the domain.

Another type of operators frequently encountered in practice are
integral operators K of the form

g(y) = K f |y=

∫
X

k(x, y) f(x) dx (42)

where k(x, y) : X ×X → R is the kernel of the integral operator.
For example, for the light transport problem the shading equation is
an integral operator equation.

The matrix representation of integral operators is obtained using
Galerkin projection [Galerkin 1915; Petrov 1940], cf. [Trenogin
2002]. For simplicity, assume the domain and range of K is a
finite dimensional Hilbert spaceHn with the L2 inner product and
orthonormal basis {φi}ni=1. For the representation of the result g(x)
of the integral equation in the basis we then obtain

gi = 〈φi(y), g(y)〉y (43a)

=

〈
φi(y),

∫
X

k(x, y) f(x) dx

〉
y

. (43b)

Using linearity of integration and inner products yields

gi =

∫
X

f(x)
〈
φi(y), k(x, y)

〉
y
dx (43c)

and when we also expand f(x) in {φi}ni=1 we obtain

gi =

∫
X

(
n∑
j=1

fj φj(x)

)〈
φi(y), k(x, y)

〉
y
dx (43d)

=

n∑
j=1

fj

∫
X

φj(x)
〈
φi(y), k(x, y)

〉
y
dx. (43e)



Using the definition of the L2 inner product this can be written more
symmetrically using Dirac bracket notation as

gi =

n∑
j=1

fj
〈
φj(y) | k(x, y) |φi(x)

〉
. (43f)

The double inner product 〈φj |k|φi〉 over both x and y yields a
finite representation of K that is a matrix K with elements Kij =
〈φj |k|φi〉. For the action of the integral operator under A : Hn →
Rn we thus obtain the matrix-vector equation

gn = Knfn. (44)

A similar derivation is possible for biorthogonal and overcomplete
bases. Galerkin projection allows to obtain matrix representations
for almost any operator, it for example subsumes finite element
methods. We will not pursue this direction here but instead refer to
the literature [Trenogin 2002].

Example 20 (legPlotIntegralEquation). The integral
equation

g̃(y) = Kg |y=

∫ 1

−1

g(x)
(
15 exp (−10 ∗ (x− y)2)

)
dx

with a Gaussian kernel (shown in green, scaled by 1/15 for better
rendition) for the Legendre polynomial f(x) = P4(x) (blue) as
input (result plotted in red):

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

The approximation of the kernel inH4
Leg is given by

K = 〈Pi(x)|k(x, y)|Pj(y)〉

=


2.55 0.0 −0.35 0.0 −0.14
0.0 2.07 0.0 −0.51 0.0

−0.35 0.0 1.61 0.0 −0.51
0.0 −0.51 0.0 1.21 0.0

−0.14 0.0 −0.52 0.0 0.88


The sparsity results from the symmetry of the kernel around the y-
axis and that the Legendre polynomials of odd degree have the same
symmetry. When we solve the above integral equation through its
finite representation, that is

g̃ = Kg =


g̃51
g̃52
g̃53
g̃54
g̃55

 = K


0
0
0
0
1

 =


−0.14

0.0
−0.51

0.0
0.88


we obtain the approximation g̃(y) (shown in blue)
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An 11-dimensional approximation ĝ(y) ∈ H10
Leg (green) is almost

indistinguishable from the analytic solution (red, dashed (barely
visible)).

1.7 Further Reading
For more detailed introductions to function spaces, bases, and frames
see for example [Christensen 2008; Kovacevic and Chebira 2007;
Mallat 2009; DeVore and Lorentz 1993; Casazza and Kutyniok
2013].

2 From Samples to Functions

With the foregoing discussion we are well prepared for discussing
reproducing kernels and the construction of numerical techniques
that only employ pointwise information. As in the last section, we
will use H4

Leg ≡ H4
Leg([0, 1]) to make our constructions concrete

and the reader is invited to explore the accompanying Matlab code
while reading the section.

2.1 Reproducing Kernels
A reproducing kernel “behaves” like the Dirac delta and has the
point evaluation property δx[f ] = f(x). In contrast to the Dirac
delta, however, the reproducing kernel is a Hilbert space function.
This enables to employ the tools introduced in the last section while
directly working with point samples f(λi).

Let H(X) be a finite dimensional Hilbert space over a domain X
with inner product 〈 , 〉. The reproducing kernel for H(X) at the
point λ ∈ X is then the unique function kλ(x) ∈ H(X) such that

〈kλ(x), f(x)〉 = f(λ) = δλ[f ] (45)

holds for all functions f ∈ H(X). The reproducing kernel hence
realizes the point evaluation action of the Dirac delta through the
inner product. In particular, when 〈 , 〉 is the L2-inner product then
the reproducing kernel kλ(x) acts as an integral kernel, the same
way as one often writes, with abuse of notation, for the Dirac delta.

Intuition, and an explicit expression for kλ(x), can be obtained when
we consider the basis expansion of an arbitrary signal f ∈ H(X) in
an orthonormal basis,

f(x) =

n∑
i=1

fi φi(x) =

n∑
i=1

〈
f(y), φi(y)

〉
φi(x). (46a)

Using linearity of the inner product under addition and that f(y)
does not depend on y we obtain

f(x) =

〈
f(y) ,

n∑
i=1

φi(y)φi(x)

〉
. (46b)

The second argument of the inner product can be considered as a
function of x and y which we define to be

k(x, y) =

n∑
i=1

φi(y)φi(x). (46c)

We can hence write

f(x) = 〈f(y), k(x, y)〉 . (46d)

The last equation is again the definition of the reproducing kernel
in Eq. 45. We hence see that kλ(x) accomplishes the reproducing
property by first projecting a signal onto the basis functions φi(x)
and then reconstructing from the implicitly obtained basis function
coefficients fi using the φi(x). Eq. 46c also provides an explicit
expression for the reproducing kernel in terms of the orthonormal
basis {φi}ni=1. In fact, comparing to Eq. 46a we see that

kλ = k(λ, x) =

n∑
i=1

φi(λ)φi(x) (47)

is just the basis expansion of the reproducing kernel with respect
to the φi(x) with basis function coefficients φi(λ). Eq. 47 is vital
in many applications since it enables the construction of the repro-
ducing kernel for any Hilbert space for which an orthonormal basis



is known. The equation might suggest that the reproducing kernel
depends on the orthogonal basis {φ}ni=1. This is in fact not the case
and for fixedH(X) and λ ∈ X the reproducing kernel is unique (in
the same way as the sinc-kernel has a representation as box function
in the Fourier domain and is represented by basis function coeffi-
cients with respect to an arbitrary basis for L2(R), yet is nonetheless
unique).

When we use the interpretation of Eq. 47 as basis expansion of the
reproducing kernel with respect to {φi}ni=1 then insight into the
reproducing property can also be obtained using the equivalence
between the continuous inner product and the dot product that was
discussed in Eq. 32. This immediately yields

〈f(x), kλ(x)〉 = fni · φni (λ) (48a)

=

n∑
i=1

fi φi(λ) (48b)

The last equation is just the reconstruction equation for f at λ from
basis function coefficients fi. Hence

〈f(x), kλ(x)〉 = f(λ), (48c)
which again establishes the reproducing property.

Example 21 (legPlotReproducingKernel). The reproduc-
ing kernels kλ(x) for H4

Leg for λ ∈ {−0.8, 0.1, 0.5} are given by
(crosses mark reproducing points, color used to establish correspon-
dence):

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−2

−1

0

1

2

Note how the kernel is not shift invariant but depends on the location
of λ. The maxima of the kernels also does not coincide with the
reproducing points. The visualization was produced using Eq. 47 by
reconstructing signals with Pi(λj) as basis function coefficients.

Example 22 (legPlotReproducingProperty). Verification
of the reconstruction property for a function f ∈ H4

Leg (red) for the
reproducing kernel at λ = 0.5:
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The y-coordinate for the red cross is determined by Eq. 48b. The fig-
ure also shows that the reproducing property only hold for functions
in the space and that it breaks down for a function g ∈ H8

Leg (cyan).

The last example verifies experimentally that the reproducing prop-
erty only holds for functions in H(X), a fact that also follows
from the derivations in Eq. 46 and Eq. 48. We will consider “non-
bandlimited” functions and how the error in the reproducing formula
behaves in this case in more detail later.

Remark 2. In the infinite dimensional case, not every Hilbert space
is also a reproducing kernel Hilbert space and has a reproducing
kernel. For example, L2(X), for continuous X , does not admit a
reproducing kernel. There, the Dirac-δ distribution is the proper re-
alization of the point evaluation functional Υλ[f ]. More concretely,
a Hilbert spaceH admits a reproducing kernel only when the point
evaluation functional Υλ[f ], an element in the algebraic dual space

ofH, is continuous. Then the Riesz representation theorem immedi-
ately guarantees that Υλ[f ] can be realized uniquely by a function
inH. Intuitively, the continuity condition on Υλ[f ] is satisfied when
H is “nice” enough and enforces enough regularity on its elements.
Infinite dimensional examples of reproducing kernel Hilbert spaces
are the space of Fourier-bandlimited function and certain Sobolev
spaces. Unfortunately, the question of whether Υλ[f ] is a continu-
ous functional is neither constructive nor is it easily verified for a
given Hilbert space. However, for every finite dimensional Hilbert
space the point evaluation functional is continuous, which justifies
our treatment. For further details on the general theory of reproduc-
ing kernel we refer to the literature [Aronszajn 1950; Meschkowski
1962; Saitoh 1997; Cucker and Smale 2002].

We have seen so far that a reproducing kernel has the sifting property
of the Dirac delta while being a function in a Hilbert space. What
is missing, however, is a way to put this insight to use, for example
for new sampling theorems or quadrature rules. Important for such
techniques is a way to use multiple point samples together. Repro-
ducing kernel bases will provide the crucial ingredient to combine
the information from multiple locations to have a foundation for
pointwise numerical techniques.

2.2 Reproducing Kernel Bases
We have seen in Sec. 1 that any set of m ≥ n functions that span an
n-dimensional Hilbert spaceH(X) can be employed to represent el-
ements g ∈ H in a basis-like expansion. In Example 21 we have also
seen that reproducing kernels kλ(x) “centered” at different locations
λi are distinct functions in H(X). Combining these observations
suggests that it might be possible to construct a representation for
H(X) using m ≥ n reproducing kernels kλi(x) located at m dif-
ferent points λi 3 Λ ⊂ X — evidently, the choice of the locations
λi will be of importance for {kλi(x)}mi=1 to form a spanning set.
By construction, such a set of functions {kλi(x)}mi=1 has a dual
basis or frame {k̃i(x)}mi=1 with dual functions k̃i(x) defined by the
biorthogonality condition 〈ki(x), k̃j(x)〉 = δij . As for any other
biorthogonal basis, when we expand a function g ∈ H(X) in this
basis pair then we have,

f(x) =

n∑
i=1

〈f(y), ki(y)〉 k̃i(x). (49a)

Exploiting now the reproducing property ki(y) we can immediately
evaluate the inner product 〈f(y), ki(y)〉 and obtain

f(x) =

n∑
i=1

f(λi) k̃i(x). (49b)

Eq. 49b provides a basis expansion whose basis function coefficients
are given by pointwise values f(λi) and that allows for perfect re-
construction from only this information. Such reproducing kernel
bases enable us to work with continuous functions in the familiar
and numerically practical Hilbert space setting while only requiring
samples f(λi) as input. Importantly, they avoid the computation of
inner products that is necessary for other bases and which in almost
all cases can only be approximated.

We will see in the following that many existing techniques that only
employ samples, such as the Shannon sampling theorem, classi-
cal interpolation formulas, and quadrature rules, are all naturally
formulated using reproducing kernel bases. In the following, we
will employ the term ‘reproducing kernel basis’ even for overcom-
plete expansions where m > n. When the difference is important,
however, we will be careful to distinguish the two cases.

Example 23 (legPlotRKBasis). A reproducing kernel basis
{ki(x)}5i=1 for H4

Leg for well distributed sampling points (the λi
and the associated basis function kλi(x) are always shown in the
same color):
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The corresponding dual kernel functions k̃i(x) are given by (colors
are used to indicate correspondence to the reproducing kernel basis
functions above):
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With this basis, any function f ∈H4
Leg can be reconstructed from only

the five function values f(λi) at Λ = {−0.8,−0.4, 0.0, 0.4, 0.8}.
Example 24 (legPlotRKBasisBad). A reproducing kernel for
H4

Leg for clustered sampling points:
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The corresponding dual kernel functions are:
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Note that the value of the dual basis functions is four orders
of magnitude larger than for the well placed sampling points
in Example 23. Nonetheless, one still has a basis and a func-
tion f ∈ H4

Leg can be reconstructed solely from f(λi) for
Λ = {−0.1562,−0.1125,−0.0250, 0.0187, 0.0625}.

As the above example demonstrates, it is usually easy to construct
a reproducing kernel basis by using a “reasonable” set of locations
λi in the domain X . Only when one wants to have a “good” basis
the choice of “good” locations becomes important. The situation is
more complicated also when a space is spanned by locally supported
basis functions, as the following example demonstrates.

Example 25 (plotCharacteristicBasis). Let X be a set,
for example a compact subset of Rd. The characteristic function
χY :X → R for a subset Y ⊂ X is

χY (x) =

{
1 if x ∈ Y
0 otherwise . (50)

A partition of X is a collection of disjoint subsets Xi, i = 1 · · ·n,
of X such that their union forms again X , that is

X =
n⋃
i=1

Xi. (51)

With each Xi we can naturally associate the characteristic function
χi(x) that is nonzero only over Xi. The collection {χi(x)}ni=1 then

forms a characteristic basis that spans a space span(χi(x)) =
Hχ(X) ⊂ L2(X). SinceHχ(X) is a closed subspace of L2(X) it
is a Hilbert space equipped with the L2 inner product.

Instead of unit height characteristic basis functions χi(x) we will in
the following often work with their normalized siblings

χ̄i(x) =
1√
|Xi|

χi(x) (52)

where |Xi| denotes the area of domain Xi. The basis {χ̄i(x)}ni=1

is an orthonormal basis forHχ. To obtain a concrete example, let
X = [−1, 1]. An orthonormal characteristic basis is then:

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
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By Eq. 47 the reproducing kernel for Hχ centered at λ ∈ Xi is
given by

kλ(x) =
n∑
i=1

χ̄i(λ) χ̄i(x) (53a)

but since the product χ̄i(λ) χ̄i(x) vanishes unless λ ∈ Xi the sum
collapses and we have

kλ(x) = χ̄i(λ) χ̄i(x). (53b)
By the definition of the normalized characteristic functions we obtain

kλ(x) =
1

|Xi|
χi(λ). (53c)

Hence, the reproducing kernel kλ(x) differs from the orthonormal
characteristic basis function χ̄i(x) only by a constant. It follows
that a reproducing kernel basis can be formed by choosing one
location λi in each Xi. The reproducing kernel basis functions in
Eq. 53c are orthogonal, since their support is disjoint, but they are
not orthonormal. Moreover, we cannot simply normalize the ki(x)
since they would then lose the reproducing property. This is a rare
instance where the general wisdom that every orthogonal basis can
be carried over to an orthonormal basis by normalization of the
basis functions is not true, or at least it would destroy the, for us
crucial, reproducing property. From the biorthogonality condition it
follows that the dual kernel functions are given by k̃i(x) = χi(x),
that is by the unnormalized characteristic function. The reproducing
kernel basis pair is hence given by({

ki(x) =
1

|Xi|
χi
}
,
{
k̃i(x) = χi(x)

})
. (54)

For the orthonormal characteristic basis above the associated re-
producing kernel basis is given by (reproducing kernels, red; dual
kernel functions, blue)
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An important aspect of characteristic reproducing kernel bases is
that these can be constructed and are practical for arbitrary domains
X , including manifolds.

Before we investigate questions such as what are good sampling loca-
tions, let us consider how one works numerically with a reproducing
kernel basis.



2.3 Kernel and Sampling Matrices

We know from Sec. 1 that the change of basis from an orthonormal
basis {φi}ni=1 to an arbitrary basis {ψi}mi=1 can be written as a
matrix A whose (i, j)th element is Aij = 〈φj(x), ψi(x)〉. When
ψi(x) = ki(x) then we obtain by Eq. 47 for the (i, j)th coefficient

Aij = 〈φj(x), ki(x)〉 = φj(λi). (55)

Denoting this change of basis matrix from the orthogonal basis to
the reproducing kernel basis defined over locations Λ = {λi}mi=1 by
Kφ(Λ) we have

Kφ(Λ) =

 φ1(λ1) · · · φn(λ1)
...

. . .
...

φ1(λm) · · · φn(λm)

 . (56)

We will call this matrix the kernel matrix. As expected, the change
of basis matrix is formed by the basis function coefficients of the
ki(x) with respect to the orthogonal reference basis {φi}ni=1. In
contrast to a general basis matrix, however, the elements are not
given by inner products but just by the functions values φj(λi) at
the sampling locations λi. This implies that K can typically be
determined up to machine precision since a reference basis is of
little practical utility if it cannot be evaluated for arbitrary x.

The kernel matrix expresses the change of basis f(Λ) = Kφ(Λ) fn

where f(Λ) = (f(λ1), · · · , f(λm)) are the basis function coeffi-
cients for the reproducing kernel basis and fn = (f1, · · · , fn) are
the basis function coefficients with respect to the reference basis.
Indeed, by the definition of matrix-vector multiplication the change
of basis f(Λ) = Kφ(Λ) fn is

f(λj) =

n∑
i=1

Kji fi =

n∑
i=1

φi(λj) fi =

n∑
i=1

fi φi(λj) (57)

The right hand side is just the pointwise reconstruction formula of
the function values f(λj) from the basis function coefficients fi.

In many applications, including light transport, only pointwise sam-
ples f(λi) of signals are available and we are interested in basis
function coefficients with respect to an orthonormal basis that can
then be used to solve the problems of interest. Hence, we would like
to determine

fn = K−1
φ (Λ) f(Λ) = Sφ(Λ) f(Λ) (58)

where K−1
φ (Λ) is a pseudo-inverse when Kφ(Λ) is not square and

one is working with an overcomplete frame. The matrix Sφ(Λ)
will be denoted as sampling matrix. As in the general case, the
j th column of Sφ(Λ) is formed by the basis function coefficients
of the j th dual basis function k̃j(x) with respect to the reference
basis {φi(x)}ni=1. The kernel matrix Kφ(Λ) hence also provides a
way to obtain concrete and practical expressions for the dual basis
functions.

Example 26 (legPlotKernelMatrix). The kernel matrix
KP (Λ) = {Pi(λj)} for the reproducing kernel basis for H4

Leg in
Example 23 with Λ = {−0.8,−0.4, 0.0, 0.4, 0.8} is given by

KP (Λ) =


0.71 −0.98 0.73 −0.15 −0.49
0.71 −0.50 −0.41 0.82 −0.24
0.71 0.00 −0.79 −0.00 0.80
0.71 0.50 −0.41 −0.82 −0.24
0.71 1.00 0.73 0.15 −0.49


When KP (Λ) is multiplied with a coefficient vector then one obtains
the reconstruction of the function at the sampling points λi:
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2.4 Classical Point Functionals
In the following, we will show how to obtain classical techniques
such as sampling theorems and quadrature rules for arbitrary do-
mains and function spaces using reproducing kernel bases.

Sampling Theorems Sampling theorems arise in many applica-
tions. In light transport, they are important for example for sampling
on the image plane. The classical example of a sampling theorem
is the one by Shannon (or that bears Shannon’s name, see [Butzer
et al. 2010]) for the space ΩB of B-bandlimited functions in the
Fourier domain. In fact, no other sampling theorem is widely known.
Reproducing kernel bases enable the construction of sampling theo-
rems for arbitrary (reproducing kernel) Hilbert spaces and arbitrary
domains. Considering again Eq. 49, we see that

f(x) =

m∑
i=1

f(λi) k̃i(x), (59)

is a sampling theorem since it already reconstructs a function f ∈ H
from its samples f(λi). As the next example shows, the Shannon
sampling theorem is a special instance of Eq. 59 for the space ΩB of
Fourier-bandlimited functions with the integers as sampling points
(the space ΩB is an instance of an infinite dimensional reproducing
kernel Hilbert space; since it is separable we can still use kernel and
sampling matrices).

Example 27 (Shannon Sampling Theorem). Let ΩB be the Payley-
Wiener space of B-bandlimited functions in the Fourier domain. An
orthonormal basis for the space is given by the Fourier functions
ψ(ω, x) = cos (ωx)+i sin (ωx) with frequency ω ∈ [−B,B] ⊂ R.
For a bandlimited function f(x) ∈ ΩB with frequency representa-
tion f̂(ω) one thus has

f(x̄) =

∫ B

−B
f̂(ω)ψ(ω, x̄) dω (60a)

=

∫ B

−B

(∫
X

f(x)ψ(ω, x)dx

)
ψ(ω, x̄) dω (60b)

and by Fubini’s theorem

f(x̄) =

∫
X

f(x)

(∫ B

−B
ψ(ω, x)ψ(ω, x̄) dω

)
dx. (60c)

Since

sincB(x− x̄) =

∫ B

−B
ψ(ω, x)ψ(ω, x̄) dω (60d)

one obtains

f(x̄) =

∫
X

f(x) sincB(x− x̄) dx. (60e)

This is the sampling step of Shannon’s theorem. The theorem,

f(x) =

∞∑
k=−∞

〈f(x), sincB(x− k)〉 sincB(x− k) (60f)

=

∞∑
k=−∞

f(k) sincB(x− k), (60g)

is obtained by forming a kernel basis using the sincB function. With
the integers as sampling points and exploiting that the zero crossings



of the sincB function are the integers, that is sincB(k−l) = δkl, for
k, l ∈ Z, it is easy to see that the infinite dimensional Grammian of
the system is the identity and that the basis is hence orthonormal. For
a more rigorous treatment see [Nashed and Walter 1991; Higgins
1994; Daubechies 1992].

Our formulation of the Shannon sampling theorem using repro-
ducing kernel bases allows one to easily extend the result to the
practically important situations of non-integer samples or samples
that are disturbed by noise. The reproducing kernel basis is then
biorthogonal and the reconstruction kernels, or, equivalently, the
dual kernel functions, are hence no longer shifted sinc-functions but
they have to be determined for a given set of sampling points. Alter-
natively, one can analyze the error that results when one nonetheless
uses the sinc-function for reconstruction, cf. Sec. 2.6. An example
for a sampling theorem for a non-trivial domain, namely the sphere,
is provided in Sec. 4.2 in the main paper.

Interpolation Reproducing kernel bases also readily yield inter-
polation formulas for arbitrary domains and function spaces. The
dual kernel functions k̃i(x) are defined through the biorthogonality
condition

δij =
〈
ki(x), k̃j(x)

〉
. (61a)

Using the reproducing property of the kernel ki(x) we immediately
obtain

δij = k̃j(λi) (61b)

which is nothing but the condition for a set of (basis) functions to be
interpolatory. Note that the biorthogonality condition only holds for
a basis, that is when the number of basis functions m exactly equals
the dimension n of the space, and that overcomplete frames will in
general not be interpolatory.

Example 28 (Lagrange Interpolation). Over X = [−1, 1] consider
the monomial basis given by {1, x, . . . , xn}. With a sampling se-
quences {αi} of m locations in [−1, 1] the kernel matrix is given
by

V =

 1 . . . αn1
...

. . .
...

1 . . . αnm

 ∈ Rm×n. (62)

V is known as the Vandermonde matrix and it is nonsingular if and
only if the αi are distinct. With our ansatz, the dual kernel functions
`i(x) = `(αi, x) are obtained by computing the (pseudo) inverse of
V and expanding in the monomial reference basis. A closed form
expression is given by

`j(x) =
m∏

i=1,i 6=j

x− αi
αj − αi

, (63)

which is the classical Lagrange interpolation polynomial. The dis-
crete Fourier transform matrix (DFT) is sometimes also considered
as a Vandermonde matrix and in our parlance it is the sampling
matrix for a bandlimited Fourier series, which recovers the Fourier
coefficients from samples of the input functions at regularly spaces
sampling locations in [π, π]. It follows from our theory that the
DFT matrix for non-equidistant samples still corresponds to a re-
producing kernel basis although the matrix has then a slightly more
complex form and is no longer symmetric.

Many spline spaces are interpolatory and the connection to reproduc-
ing kernels has in this case been known for a long time, cf. [de Boor
and Lynch 1966; Wahba 1990], at least in certain communities.

Example 29 (legPlotRKBasis). We already showed a repro-
ducing kernel basis with m = n forH4

Leg before. We reproduce here

the plot of the dual basis functions and the reader is invited to visu-
ally guess the sampling points λi using the interpolation property
k̃i(x) = δij:

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−2

0

2

The reproducing points were λ1 = −0.8, λ2 = −0.4, λ3 = 0.0,
λ4 = 0.4, λ5 = 0.8.

Integration Integration is another numerical problem that is typi-
cally solved using only pointwise values f(λi). When we express
the integrand in a reproducing kernel basis we obtain∫

X

f(x) dx =

∫
X

(
m∑
i=1

f(λi) k̃i(x)

)
dx (64a)

and using linearity of integration and summation and that the samples
f(λi) do not depend on the integration variable x yields∫

X

f(x) dx =

m∑
i=1

f(λi)

∫
X

k̃i(x) dx. (64b)

Denoting the integrals over the dual kernel functions by k̃i(x) as wi,
that is

wi =

∫
X

k̃i(x) dx (64c)

we obtain for the integral of f(x) that∫
X

f(x) dx =

m∑
i=1

wi f(λi). (64d)

Eq. 64d is the prototype of a quadrature rule with weights wi that
allows us to exactly integrate any function in f ∈ H(X).

A question that needs to be answered before the above quadrature
rule becomes practical is how the wi can be determined; that is, how
the integral

wi =

∫
X

k̃i(x) dx (65a)

can be evaluated. Expanding the dual kernel functions k̃i(x) in the
orthogonal reference basis we obtain

wi =

∫
X

(
n∑
j=1

sji φi(x)

)
dx (65b)

where the sji are the elements of the sampling matrix Sφ(Λ). Using
linearity then yields

wi =

n∑
j=1

sji

∫
X

φi(x) dx. (65c)

Hence, to determine the quadrature weights wi we need to evaluate
the integrals of the reference basis functions. In many instances,
this can be done in closed form. This is for example the case for
Legendre polynomials and has been used in the following example.
Nonetheless, for certain applications the computation of the integrals
of the reference basis functions φi(x) can be a challenge.

Example 30 (legPlotQuadrature). The integral of all but the
first Legendre polynomial P0(x) vanishes. Hence, we obtain for
Eq. 65

wi =

n∑
i=1

sji

∫ 1

−1

Pi(x) dx = s0j c0 (66)



where c0 is the integral of P0(x) over [−1, 1]. Computing the
weights for the well distributed points considered before, Λ =
{−0.8,−0.4, 0.0, 0.4, 0.8}, we obtain (quadrature weights scaled
by three for better visibility; the dual kernel functions k̃i(x) are
shown in the background):

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

1

2

3

Quadrature weights for the clustered sampling points Λ =
{−0.1562,−0.1125,−0.0250, 0.0187, 0.0625} we used before
are:
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Note that the scaling of the weights differs by four order of magni-
tude. Additionally, for clustered sampling points one has positive
and negative weights which is numerically undesirable [Dick and
Pillichshammer 2010]. As an example, we can integrate the Legen-
dre polynomials Pi(x), 1 ≤ x ≤ 4, where we know that the integral
vanishes. With the well distributed sampling points we obtain in dou-
ble precision an average error of−6.94×10−18 while the clustered
points yield −1.14× 10−13. The four digits that are lost compared
to machine precision for the clustered points are roughly described
by the magnitude of the quadrature weights.

Example 31. The quadrature nodes that are classically used for
integration in the spacesHnLeg are the zero crossings of the Legendre
polynomial Pn+1 of degree n+1. The quadrature rule is then known
as Gauss-Legendre quadrature. Using the zero crossings of Pn+1

increases the accuracy of the quadrature rule, a topic we will discuss
in detail in Sec. 2.6.

Remark 3. That only the first basis function has a non-vanishing
integral is not specific to Legendre polynomials but it holds for many
classical polynomial bases, the Fourier basis, and many wavelets.

Next to the above pedagogical example for H4
Leg, a practically

relevant, and quite curious one, is the following.

Example 32 (Monte Carlo Integration). Let {χi}ni=1 be a charac-
teristic basis formed by a partition of unity for X = [a, b] ⊂ R with
n unit height elements Xi, cf. Example 25. With one sampling point
in each Xi the dual kernel basis functions coincide with the χi, cf.
Eq. 54 and the quadrature weights in Eq. 64c are given by

wi = |χi| = |X|/n. (67)

The quadrature rule for the space Hχ spanned by the χi is thus
given by∫

f(x̄) dx̄ =
|X|
n

n∑
i=1

f(λi) =
b− a
n

n∑
i=1

f(λi) (68)

which formally coincides with the standard Monte Carlo estimator
for uniformly distributed sampling locations. From the definition
of a probability (or measure) space, the result that Monte Carlo
integration arises as a quadrature rule for the space spanned by
characteristic functions is by no means surprising, cf. [Rudin 1987].
This also implies that {χi}ni=1 becomes dense in L2([a, b]) as the

number of partitions goes to infinity. See the supplementary mate-
rial of the paper for how to obtain Monte Carlo quadrature with
importance sampling using the above ansatz.

2.5 Choice of Sampling Locations
Practical experience shows that for most applications the choice of
sampling points significantly affects the performance of pointwise
numerical techniques. In computer graphics, various strategies,
such as stratified sampling, importance sampling, the use of low-
discrepancy sequences, and minimum distance requirements have
been explored to obtain sampling locations that are suited for an
application. Our ansatz based on reproducing kernel bases provides
an alternative quality measure for the distribution of sampling points.
In contrast to most existing measures, it can be used constructively
to improve and tailor existing sampling locations for an application.

In the foregoing, we have seen that the reconstruction of the or-
thonormal coefficients fj of a signal from point samples f(λi) is
described by a linear system, cf. Eq. 58. The accuracy with which
the coefficients fj can be obtained is hence determined by the con-
dition number cond (Kφ(Λ)) of the kernel matrix Kφ(Λ). Since
cond (Kφ(Λ)) depends on the locations Λ = {λi}mi=1, we can
define a quality measure for the distribution of sampling points by

µ(Λ) = µH(X)(Λ) = cond (Kφ(Λ)). (69)
We call µ(Λ) the rk-discrepancy of the sampling sequence Λ =
{λi}mi=1 for the reproducing kernel Hilbert space H(X). With
respect to this measure, a sampling distribution is optimal when
µ(Λ) = 1. The kernel matrix is then orthogonal so that the sam-
pling matrix is given by Sφ(Λ) = K−1

φ (Λ); equivalently, one has
an orthonormal reproducing kernel basis where primary and dual
basis functions coincide. When the quality of sampling locations
decreases the value of µ(Λ) increases away from unity, and when the
kernel functions associated with a sampling sequence Λ no longer
spanH(X) then cond (Kφ(Λ)) =∞.

Rk-discrepancy can easily be determined numerically. This enables
us to use numerical optimization to improve the distribution of a
sampling sequence. Moreover, since rk-discrepancy depends on
both the function space H(X) and the domain X , it allows us to
obtain sampling locations finely tuned to an application.

Example 33 (legPlotOptimization). The effect of sample
point optimization for a reproducing kernel basis forH4

Leg is shown
in the left column on the next page. The initial basis (top row) uses
randomly generated sample points Λrand, yielding an rk-discrepancy
value of µ(Λrand) = 1362.90. Numerically optimizing the locations
using a gradient descent algorithm (following rows in the figure, the
color for each sampling point is kept fixed) leads to visually more
equally distributed points (bottom row). The following figures shows
the log of the rk-discrepancy as a function of the optimization step:
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The final rk-discrepancy of the sampling points after optimization
is µ(Λopt) = 1.43. For the simple example of H4

Leg this optimal
configuration of Λopt is attained independent of the initial point
configuration. In general, however, µ(Λ) has many local minima.

Instead of numerically optimizing point locations, an alternative
strategy to improve µ(Λ) = cond (Kφ(Λ)) is to increase the over-
sampling rate r = m/n. That the robustness of a representation
increases with increasing redundancy is well known in the literature
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on frames [Kovacevic and Chebira 2007]. In fact, it was one of the
original motivations for the concept [Duffin and Schaeffer 1952].

Example 34 (legPlotMuOversampling). The rk-discrepancy
µ(Λ) of sampling points as a function of their cardinality:
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The final rk-discrepancy for an oversampling rate of 20, that is when
100 instead of 5 samples are used, is µ(Λ) = 1.40. Note that this
value is smaller than the final rk-discrepancy value obtained by
optimization for five samples in Example 33.

The two strategies to improve the quality of sampling locations,

oversampling and numerical optimization, can be combined and
this usually leads to sampling sequences with close to optimal rk-
discrepancy.

Example 35 (plotOversamplingOptimized). The rk-
discrepancy for an oversampling rate of 2.0 for H3

Leg under nu-
merical optimization (x-axis: steps of the optimizer, y-axis: log of
the rk-discrepancy):
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For the final condition number after optimization one has |µ(Λopt)−
1.0| = 9.0086× 10−08 (computations performed in double preci-
sion).

As the last example demonstrates, numerical optimization com-
bined with oversampling leads to sampling sequences Λ whose
rk-discrepancy is very close to unity. For almost all applications,
the reproducing kernel basis defined by these locations ΛOpt be-
haves like an orthonormal basis, or more precisely like a tight frame.
Daubechies [1992] hence calls them “snug” frames. For example,
the dual kernel functions k̃i(x) coincide, possibly up to a scaling
factor, with the primary kernel functions ki(x). This also means that
the sampling matrix can be obtained, to very good precision, by

Sφ(Λ) ≈ KT
φ (Λ) (70)

and no costly inversion of the kernel matrix Kφ(Λ) is necessary.
The basis coefficients fi with respect to the orthogonal reference
basis, cf. Eq. 58, are then obtained by

fj =

m∑
i=1

Sij f(λi) =

m∑
i=1

φj(λi) f(λi). (71)

The last equation has the same form as a Quasi-Monte Carlo estima-
tor for basis projection.

An alternative way to define a quality measure for sampling locations
is to employ the dot product of all rows of the kernel matrix, that is

µ̄(Λ) =

n∑
i=1

∑
j=1

Ki ·Kj (72)

where Ki is the ith row of K. When K has a condition number of
unity then it is an orthogonal matrix. Hence, both µ(Λ) and µ̄(Λ)
have the same minima. The advantage of using the orthogonality-
residual lies in the availability of analytic gradients when the deriva-
tive of the reference basis functions can be computed analytically.
In many settings this approach provided significant improvements
over optimizing µ(Λ), both in terms of performance and attained
minima. However, we have also seen some failure cases. More
work is hence necessary to understand when µ̄(Λ) is appropriate as
quality measure.

2.6 Non-bandlimited Input
So far we disregarded an aspect of sampling that plays a particularly
important role for practical applications. The reproducing property

〈f(x), kλ(x)〉 = f(λ) (73)

only holds when f(x) is an element in the Hilbert space H(X)
for which kλ(x) is the reproducing kernel. In practice it is often
difficult to understand an appropriate finite function space containing
a signal or the signal lies in an infinite dimensional space that at best



can be approximated using a finite dimensional space—in classical
parlance, one has to face non-bandlimited input.

Reproducing kernel bases and numerical techniques based on them
are useful only when they are robust to at least a small signal residual
outside of the spaceH(X) whose reproducing kernel is employed.
As shown in the supplementary material, the Hilbert space setting
of reproducing kernel bases can be exploited to describe the error
of representing a signal f ∈ G in a reproducing kernel basis for
H ⊂ G. Let {φi}pi=1 be an orthonormal basis for G, with p possibly
being infinity, and assume the first n basis functions φi form an
orthonormal basis {φi(x)}ni=1 for H. Then the error errk(f) of
reconstructing the kth basis function coefficient of a signal f ∈ G
with respect to the basis {φi(x)}ni=1 forH using Eq. 58 from only
pointwise samples f(λj) is bounded by

|errk(f)| ≤ ‖f̂‖ ‖γk‖. (74)
The first term on the right hand side is the norm of the signal com-
ponent f̂ in G\H and the vector γk = (γkn+1, · · · , γkp ) is

γki =

m∑
j=1

φi(λj) skj (75)

where the skj are the elements of the sampling matrix. Intuitively,
the γki can be understood as the aliasing error for the φi(λj) basis
function, with i > n, when projected onto H using the sampling
matrix.

Example 36 (legPlotGaussLegendre). As already discussed
in Example 30, Gauss-Legendre quadrature is a numerical inte-
gration rule for HnLeg that uses the zero crossings σi of Pn+1 as
sampling locations. For example, for Gauss-Legendre quadrature
forH4

Leg we have (quadrature weights are shown at the zero cross-
ings of P5; in the background are the dual kernel functions):
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The reason for using the zero crossings σi as quadrature nodes
becomes clear when we consider Eq. 74 for G = Hn+1

Leg and
HnLeg = H. The signal component outside of the space is then given
by the basis function coefficient fn+1 for Pn+1 and since the Legen-
dre polynomials form an orthonormal basis we have ‖f̂‖ = fn+1.
Moreover, since λi = σi and the sampling points are the zero
crossings of Pn+1, that is Pn+1(λi) = 0, we have for γkn+1 that

γkn+1 =

m∑
j=1

Pn+1(λj) skj = 0 (76)

Hence, the γk, k = 1, . . . , n, are all null vectors of length one. By
Eq. 74 the reconstruction error errk(f) for the kth basis function
coefficient from non-bandlimited input inHn+1

Leg is given by

|errk(f)| ≤ ‖f̂‖ ‖γk‖ = 0. (77)
From the foregoing discussion it should be clear that if the basis
function coefficients fk can be obtained without error then also
the integral of the function can be computed without error being
introduced by a residual inHn+1

Leg \H
n
Leg.

In many applications, a precise understanding of ‖f̂‖ and ‖γk‖ is
impossible or prohibitively expensive. Nonetheless, we see that
Eq. 74 tells us that we can expect the reconstruction error errk(f) to
be small when the residual signal component f̂ is small or when we

can exploit a special structure of G⊂ H and γk can be controlled,
as in the above example for Gauss-Legendre quadrature. An exper-
imental investigation of f̂ and γk for signals encountered in light
transport can be found in the supplementary material.

As a final example let us consider the effect of oversampling and
optimization on the reconstruction of non-ideal input signals.

Example 37 (legPlotRKApproximation). The approxima-
tions (full lines) of a signal f ∈ H5

Leg (gray, dotted) obtained with
reproducing kernel basis forH4

Leg for the three different sets of sam-
pling locations that we already encountered before: the uniformly
distributed points Λcs = {−0.8,−0.4, 0.0, 0.4, 0.8} at the critical
sampling rate (blue), the set Λos with an oversampling factor of 2.0
(green), and the optimized version of Λos denoted by Λopt (red).
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The L2 optimal approximation of f inH4
Leg is shown in black. We

see that with Λopt a very good approximation is attained. Despite
the same amount of information being used, 10 samples, Λos per-
forms significantly worse than Λopt and for Λcs little resemblance
with the original signal is left. The visual differences are also re-
flected in the numerical error rates:

Λcs Λos Λopt

µ(Λ) 3.04 2.38 1.00
‖f̃ − f‖ 1.21 0.63 0.03

where f̃ denotes the approximated signal.

The above example demonstrates that µ(Λ) provides an informative
measure for the quality of sampling locations also for non-ideal
input signals.

2.7 Discussion
In this note we provided a detailed motivation and explanation of
reproducing kernels. We showed that they provide an alternative
characterization of the sifting or reproducing property of the Dirac
delta. The Hilbert space setting of reproducing kernels enables us
to employ them as basis functions for reproducing kernel bases.
These usually biorthogonal and overcomplete representations have
the crucial property that the basis function coefficients are given by
function values f(λi), the inner products 〈f(x), kλi(x)〉 between
the reproducing kernels kλi(x) “centered” at the sampling points
and the signal f(x) to be represented. This avoids the computation
or approximation of basis function coefficients using inner products,
as is necessary for arbitrary Hilbert space bases, and it thereby allows
us to effectively work with continuous functions when only point-
wise function values are available. In contrast to many approaches
in the literature, our formulation readily applies to arbitrary domains
and arbitrary (finite) function spaces. This is of particular impor-
tance for applications in light transport where the scene consists of
complicated 2-dimensional surfaces and the light energy density is
defined over the sphere bundle of all directions. Using reproducing
kernel bases, we introduced rk-discrepancy µ(Λ) as a novel quality
measure for sampling sequences Λ = {λi}mi=1. Rk discrepancy is
sensitive to the domain and function space that is considered. To-
gether with the numerical computability of µ(Λ) this allows us to
employ numerical optimization to improve given sampling locations
λi for an applications. We also demonstrated experimentally that
µ(Λ) correlates well with the obtained reconstruction error, even



for non-ideal input signals. Optimization together with oversam-
pling yields reproducing kernel bases that are tight overcomplete
frames, up to a small numerical error. In practice, these behave
like orthogonal bases and in particular the primary and dual kernel
basis functions coincide, possibly up to a constant. This avoids the
expensive inversion of the kernel matrix to reconstruct orthogonal
basis function coefficients. Two well known reproducing kernel
bases that are orthonormal by construction are the Shannon basis,
formed by the sinci(x) functions at equidistant locations on R, and
the characteristic basis. On the other hand, for bandlimited spherical
harmonics spaces it is known that no orthogonal reproducing ker-
nel basis exists [Bannai and Damerell 1979; Bannai and Damerell
1980]. The general characterization of conditions for the existence
of orthogonal kernel bases is to our knowledge an open question,
see however [Han et al. 2009]. In Sec. 2.6 we also discussed bounds
for the reconstruction error when the input signal does not lie in the
space spanned by the reproducing kernel basis. These error bounds
are possible through the Hilbert space setting of our formulation.
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