
The Geometry of Light Transport 

Christian Lessig

University of Toronto / Technische Universität Berlin



2

quantum electrodynamics



3

quantum electrodynamics

Maxwell’s equations

large  number 
of photons



4

quantum electrodynamics

Maxwell’s equations

geometric optics

large  number 
of photons

short wavelength limit
neglect of polarization



5

quantum electrodynamics

Maxwell’s equations

light transport theory

large  number 
of photons

short wavelength limit
neglect of polarization



6

quantum electrodynamics

Maxwell’s equations

light transport theory

geometric optics

large  number 
of photons

short wavelength limit
neglect of polarization

neglect of intensity



7

h
tt

p
:/

/
w

w
w

.k
u

tt
ak

a.
o

rg
/

~
JH

L
/

L
am

b
er

tB
il

d
2.

jp
g

Johann Heinrich Lambert



8

h
tt

p
:/

/
w

w
w

.e
g

a-
m

at
h

.n
ar

o
d

.r
u

/
B

el
l/

IM
G

/
E

u
le

r1
.jp

g

h
tt

p
:/

/
w

w
w

.k
u

tt
ak

a.
o

rg
/

~
JH

L
/

L
am

b
er

tB
il

d
2.

jp
g

  Leonhard EulerJohann Heinrich Lambert



9

”Theoretical photometry constitutes a case of ‘arrested
development’, and has remained basically unchanged
since 1760 while the rest of physics has swept
triumphantly ahead. In recent years, however, the
increasing needs [. . .] have made the absurdly anti-
quated concepts of traditional photometric theory more
and more untenable.”1

1. Gershun, A. The Light Field, Translated by P. Moon, G. Timoshenko, Originally published in Russian (Moscow 1936). Journal of Mathematics and Physics
18 (1939): 51-151, from the translators preface.
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Ĥ = gij p̂ip̂j

√
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Ẇ ε = − {{pε, W ε}} (27)

Q ⊂ R3 (28)

Xdiv (29)

XHam (30)

Q g = Xdiv ϕt ∈ Diffµ(Q) (31)

ω̇ = ad∗
δH
δω

ω (32)

2

˙̀ = ad∗
δH
δ`

` = − {`, H} (13)

1
n

n∑

i=1

f(λi)
p(λi)

−−−−−−→
n→∞

∫

X

f(x) dx (14)

S∗
q Q λ p̄ p̄ (15)

P ηt(P ) (16)

T ∗
q Q p (17)

Diffµ(Q) Diffcan(T ∗Q) (18)

ω̇ + £v ω = 0 ˙̀ + £XH
` = 0 (19)

XH (20)

g = XHam g∗ ∼= Den(T ∗Q) (21)



78

ideal 
fluid dynamics

ideal 
light transport

Lie group

Lie algebra

dual Lie algebra vorticity
light energy 

density

coadjoint action

momentum map

2

˙̀ = ad∗
δH
δ`

` = − {`, H} (13)

1
n

n∑

i=1

f(λi)
p(λi)

−−−−−−→
n→∞

∫

X

f(x) dx (14)

S∗
q Q λ p̄ p̄ (15)

P ηt(P ) (16)

T ∗
q Q p (17)

Diffµ(Q) Diffcan(T ∗Q) (18)

ω̇ + £v ω = 0 ˙̀ + £XH
` = 0 (19)

XH (20)

g = XHam g∗ ∼= Den(T ∗Q) (21)

3

H(q, p) =
c

n(q)
‖p‖ (22)

= ‖p‖ c

n(q)
p

‖p‖
(23)

∂q

∂t
=

∂H

∂p
=

c

n(q)
p

‖p‖
(24)

−∂p

∂t
=

∂H

∂q
= c ‖p‖∇qn(q)

n2(q)
(25)

˙̀ = − {` , c(q)‖p‖} (26)
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−Ẇ ε =
1

ε
[pε, W ε]+

1

i
{pε, W ε}+O(ε)
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