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Algorithm (Lloyd)
Initialization xi = rand(S)

Update FIXED Si
UPDATE xi

Tessellation FIXED
COMPUTE Si

xi
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Metric
Isotropic metricIsotropic CVT

Anisotropic metricAnisotropic CVT

generalize



Isotropic metric
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Anisotropic CVT
F (x0, . . . ,xk�1,M0, . . . ,Mk�1) =
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Mi = 0

Problem: trivial solutions

Solution: add constraint
|Mi| = 1

Minimize:

(other constraints possible)



Mahalanobis CVT
L(x0, . . . ,xk�1,M0, . . . ,Mk�1) =

Minimize:

CVT energy Lagrange multiplier 
constraining M
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Mahalanobis CVT
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Mahalanobis CVT
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Mahalanobis distance
d(xi,p)

2 = (xi � p)TMi(xi � p)

d(xi,p)
2 = |C| 1

n (xi � p)TC�1(xi � p)

Mahalanobis distance (squared)



Algorithm (Lloyd)
Initialization xi = rand(S)

Tessellation FIXED
COMPUTE Si
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Algorithm
Initialization xi = rand(S)

Tessellation
COMPUTE Si

Update FIXED Si
UPDATE xi

Mi = I

FIXED xi

MiUPDATE 

xi,MiFIXED
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Isotropic vs. Mahalanobis 
CVT

Isotropic

Mahalanobis



Degeneracy
C

C invertible:

M=|C|1/n C-1 C

C singular:

M=?



Degeneracy
C

C invertible:

M=|C|1/n C-1 C

C singular:

M=?

C C0 I

C0 = (1� ✏)C+ ✏�0I

modify C:

(C is psd, symmetric)



Control Anisotropy



Algorithm
Initialization xi = rand(S)

Mi = I

Tessellation xi,MiFIXED
COMPUTE Si

Update FIXED Si
UPDATE xi

MiUPDATE 



Tessellation



Mesh Tessellation
1. project sites 
2. assign vertices



Mesh Tessellation
1. bisection on edges 
2. subdivide mesh 
3. assign faces



Relationship

• Gaussian Mixture Models (GMM) with 
Expectation Maximization (EM) 

• Variational Shape Approximation (VSA) 
[Cohen-Steiner, Alliez, Desbrun, 2004]



Algorithm / EM
Initialization xi = rand(S)

Mi = I

Tessellation xi,MiFIXED
COMPUTE Si

Update FIXED Si
UPDATE xi

MiUPDATE 

xi,Mi

GMM parameters :

Expectation

Maximization



Algorithm / VSA
Initialization xi = rand(S)

Mi = I

Tessellation xi,MiFIXED
COMPUTE Si

Update FIXED Si
UPDATE xi

MiUPDATE 

xi,Mi

“proxies” :

Flooding

Proxy fitting

s.t. determinant 
of Mi is 1

s.t. operator norm 
of Mi is 1



Summary
• key messages: 

• introduce metric per cell as variable 

• constraining determinant of metric yields 
Mahalanobis distance 

• framework show connections to other 
approaches such as GMM and VSA
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