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Fig. 1. The mesh above has only 3785 vertices and well-shaped triangles. Realizing it in the plane using Tutte’s embedding algorithm in double precision
creates 121 flipped triangles (blue and yellow). These flipped triangles cannot be reliably detected in double precision: yellow triangles are flipped but have
positive area in computation based on doubles; red triangles have negative area in double, but exact computation reveals that they are correctly oriented. We
create several subdivisions of the mesh to analyze how different strategies for fixing the problems scale. Solving the linear system for the Tutte embedding in
rationals fails for all but very small meshes. Our efficient embedding in exact arithmetic (E3A) based on Schnyder realizers [Schnyder 1989] is faster than Tutte
embeddings in double precision while guaranteed. We also develop an algorithm for fixing planar triangulations. It is three orders of magnitude faster than
Progressive Embedding [Shen et al. 2019] and a recent robust untangling approach [Garanzha et al. 2021].

We provide a set of tools for generating planar embeddings of triangulated
topological spheres. The algorithms make use of Schnyder labelings and
realizers. A new representation of the realizer based on dual trees leads
to a simple linear time algorithm mapping from weights per triangle to
barycentric coordinates and, more importantly, also in the reverse direction.
The algorithms can be implemented so that all coefficients involved are 1 or
—1. This enables integer computation, making all computations exact. Being
a Schnyder realizer, mapping from positive triangle weights guarantees
that the barycentric coordinates form an embedding. The reverse direction
enables an algorithm for fixing flipped triangles in planar realizations, by
mapping from coordinates to weights and adjusting the weights (without
forcing them to be positive). In a range of experiments, we demonstrate that
all algorithms are orders of magnitude faster than existing robust approaches.
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1 INTRODUCTION

Generating a planar parameterization of a triangulation in 3D is
an essential step in computer graphics and geometry processing
pipelines. In many scenarios, guaranteeing that the triangulation is
embedded is crucial. It implies local injectivity, i.e., all triangles are
non-degenerate and consistently oriented across edges, as well as
global bijectivity, i.e., each point in the domain is uniquely assigned
to exactly one vertex, one edge, or one triangle.

The importance of these properties is reflected by a large num-
ber of works aiming at (locally) injective mappings. They are most
commonly based on minimizing a function in the position of the
vertices. The energies, in most cases, are designed so that their local
or global minimizers yield the desired injectivity. An early example
for this type of approach is this: fix the boundary in the planar
realization in strictly convex position and consider interior edges
as springs, meaning we want to minimize the sum of their squared
lengths. This is a quadratic function in the vertex positions of the
realization. Tutte, famously, showed that the minimizer defined as
the solution of a linear system exists, is unique, and provides an em-
bedding [Tutte 1963]. This general approach has been extended and
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modi ed in many ways, see the surveys by Floater and Hormann
[2005] and She er et al[2007]. More recent work has attempted
to better model the similarity between the original triangulation
in 3D and the planar realization, while still being e cient [Lipman
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to generate drawings of planar graphs on small integer grids with
a boundary consisting of a single triangle, i.e. three vertices. Put
simply, barycentric coordinates for the vertices are generated by
‘counting' triangles divided by di erent trees, the so-call&thnyder

2012; Sawhney and Crane 2017]. For the resulting more complicated woods [Schnyder 1990] (we explain the trees in Section 2). The proof

non-linear functions to be optimized, smarter techniques for the
minimization have been introduced, with a particular focus on injec-

that this generates an embedding only relies on the fact that each
triangle contributes positively, suggesting that each triangle could be

tivty [Du et al. 2020, 2022; Garanzha et2021], and some providing  equipped with an arbitrary positive weight [Dhandapani 2010]. The
guarantees [Rabinovich et al. 2017; Su et al. 2020]. properties of the algorithms immediately suggest that the mapping

The theoretical foundations for injectivity or bijectivity in the from weights to coordinates is linear and can be computed in linear
above stream of papers are mostly based on real numbers, yet practi-time. This also means, while every realization of a triangulation
cal implementations of the algorithms use oating point representa- with positive weights is embedded, not all embedded triangulations
tions. This seriously limits claims about robustness and guarantees, are represented by positive weights.
as already the computation of the signed area of a triangle in oat- In this work, we provide a new view on Schnyder realizers based
ing point may not re ect the true orientation of the triangle. This on a dual tree (see Section 4). This view has the following advan-
is a well known and an important topic in computational geome- tages:
try [Ho mann 1989], because many elementary algorithms easily
break when implemented in oating point arithmetic. There are dif-
ferent strategies to handle this problem [Schirra 2000]. Using exact
arithmetic [Granlund et al2020] would allow implementing algo-
rithms as developed for real numbers [Yap 1997], but is often found
to be too slow in practice. A widespread solution is the dynamic
increase in oating point resolution when necessary to guarantee
an exact result [Shewchuk 1997].

Reading the literature on injective parameterizations, one may
think that the problems of nite precision are somehow irrelevant
in practice for mesh parameterization. However, as nicely demon- ) ) ] o ) )
strated by Shen et a]2019] this is not true: taking all topological ' "ese mappings immediately lead to a trivial algorithm for xing
spheres in the Thingi10K data [Zhou and Jacobson 2016], removing & reallz_atlon: map from Euclldean_ co_ordlrlates tq weights, increase
a single triangle, and generating a parameterization using Tutte the weights, and check the realization in Euclidean space. This
embeddings by solving a linear system in IEEE754 double format, ¢an be done in |r_1teger coordinates, and the gl_gorlthms terminates
80 out of 2718 planar triangulations are not embedded. We repeated with an empeddlng because any set of positive VYGIghtS leads to
and extended this experiment. The smallest example (without de- &N €mbedding. However, we show that the properties of Schnyder
generate triangles) we found has only 193 vertices. To understand reallze_rs seen thr_ough the dual t_ree admit a faster alternative W|_th
the range of problems even for small and inconspicuous inputs, con- less distortion, since they provide guarantees even for negative

We feel our approach is simpler than earlier algorithms, bet-
ter exhibiting the properties of the mapping and easier to
implement e ciently. In particular, it directly shows that the
coe cients in the linear map are only inf 1.0-1g.

It directly reveals that also the ‘reverse' mapping from Eu-
clidean coordinates to weights can be computed in linear
time (to our knowledge, this direction was so far computed
by solving a linear system [Barrera-Cruz et 2014]). Even
better yet, each weight only depends on a constant number
of Euclidean coordinates.

sider the mesh in Figure 1: it has 3785 vertices and all 7566 triangles Weights.

are well-shaped (i.e., have no unnecessarily extreme aspect ratios).

We remove the rst triangle in the face list and realize the mesh as
explained above. The number of ipped triangles computed in exact
arithmetic is 121. More severely, when checking for ipped triangles
in double precision, we ndthat 17 ipped triangles are reported
as correctly oriented; another 14 correctly oriented triangles are
reported to be ipped. This highlights that not only the numerical
optimization may fail to provide a result that is consistent with the-
oretical results, also checking the validity in oating point may be
misleading. Perhaps even more important in practice, downstream
algorithms relying on the correct orientation of triangles may be
more “sensitive' to near degeneracies than the rather simple com-
putation of signed area. We demonstrate this problem by running
the minimization of symmetric Dirichlet energy [Smith and Schae-
fer 2015] on Tutte embeddings computed in double precision and
see the optimization failing on realizations that are embedded (Sec-
tion 7). We also show that solving the linear system in exact rational
representation is infeasible even for small meshes (Section 7).

The signi cant advantage of the algorithms we provide is that
the number of bits we use in the representation of the geometry
a ects only the quality of the parameterization, but not whether or
not any triangles are ipped. We o er several practical comparisons
in Section 7. For testing the initial embedding compared to Tutte
we optimize symmetric Dirichlet energy and nd that embeddings
generated with Schnyder realizers are faster and, on average, provide
a better starting point. Comparing algorithms for xing planar
realizations, we nd that our algorithm is orders of magnitude
faster.

A fundamental drawback of the method is the assumption that
the input has disk-topology and only three vertices on the boundary.
This limits practical utility. We make some remarks in Section 6 on
how to handle non triangular boundaries and discuss other limita-
tions and possible extension in Section 8.

2 BACKGROUND
As our results require an understanding of Schnyder labelings,

We suggest a new approach to guaranteeing an embedding based Schnyder realizations, and corresponding primal trees representing

on Schnyder labelindSchnyder 1989]. They have been introduced
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the subdivision of the triangulations, we provide a brief introduction



here. For more (technical) details, including proofs, we refer readers
to the original publication of Schnyder [1990]. The topic of Schny-

der labelings has been studied extensively from a combinatorial
perspective, see for example Felsner [2001] or Brehm [2000].

We consider an orientable closed triangulated genus 0 surface
with unoriented graph = 1+« © vertex set- and edge set +2 .
The graph ismaximal planaras adding any edge to the edge set
would make the graph non-planar. We x a triangular facgy to
be the outer face. The set of all inner triangles in the triangulation
is denoted byT +3 . Such a graph is topologically the same as a
triangle mesh with disk-topology and three edges on the boundary.

An orientationof any triangleC2 T [f Gugof is a cyclic
ordering of its vertices. Note that there are always two possible
orientations of anyC Two neighboring triangle<C*@are said to
havecompatibleorientations, if their common edgéB8+ § appears
as89n the orientation ofCand as98n the orientation of &. A
globalorientation of is a choice of orientation for everg€2 T |
fGutg such that every two neighbouring triangles have compatible
orientations. Since is maximal planar, there always exist two
global orientations of

An orientationaround a verteXe 2 + of isacyclic ordering of its
neighbours, such thatDe E«f3 2 T [f Gutgfor everyD+B 2 + that
appear a®in the cyclic ordering. Notice that, again, around every
vertexEthere exist two possible orientations. A global orientation on

induces an orientation around each vertex. Namely, the one that
DEDis the orientation off De E«fg 2 T [ f Guigfor everyDeB2 +
that appear a®in the orientation aroundE

2.1 Schnyder Labeling

Let be a maximal planar graph. We x a global orientation of
and we call it thepositiveorientation for everyC2 T [f Gytgand for
everyE2 +. The only other orientation, if ever needed is referred
to asnegativeorientation. Note that a global orientation can be
computed in linear time. Whenever is embedded in the plane, the
positive orientation of eaclC2 T is the counter clockwise (CCW)
orientation, the positive orientation ofgy; is the clockwise (CW)
orientation and the orientation around everlf 2 + is again the
CCW orientation. ASchnyder labelingf labels each corner of
every interior triangle with one of the three labeld 1 and2 such
that

(1) in a single triangleC2 T, each label appears exactly once.
Moreover the three labels always appear in the same order
in the positive cyclic orientation of2(see Fig. 2a), and

(2) around a vertext 2 +, each label appears in a single non
empty interval. Moreover the three labels always appear in
this order in the positive cyclic orientation arouné (see
Fig. 2b).

In this work the order is always), 1, 2. Moreover, for any label
2 2 f01.2gwe name the remaining two labeB+2 < 2 the com-
plementarylabels of2. Schnyder [1990] showed that each maximal

planar graph has at least one Schnyder labeling that can be con-

structed in linear time. As the labels are usually colored in red, green
and blue, we will use the word color and label interchangeably.

E icient Embeddings in Exact Arithmetic ~ 1:3

(a) In each triangle the corners are (b) For each vertex the colored cor-
colored in the CCW order 0,1,2. ners appear in the CCW ordeb,1,2.

Fig. 2. The two properties of a Schnyder labeling.

Fig. 3. Visualization of the three properties of a Schnyder realization (le )
within a Schnyder labeling (right).

2.2 Schnyder Realization

Note that, due to labeling rules, there cannot be two neighboring
interior triangles, whose common edge is opposite of same color
corners inside these two triangles.

This means that all three label§1s2
must appear in the four adjacent corners
of every interior edge. In particular, there al-
ways must be one end of the edge such that
both adjacent corners have the same laBel
If we orient each edge toward this end and

label the edge itself witl2, we arrive at aSchnyder realizatiorin
general, a Schnyder realization of a maximal planar grapis a
choice of orientation and 3-labeling for every interior edge of
de ned by:

(1) Each interior vertex has exactly three outgoing edges, one
for each label 0, 1 and 2.

(2) The labels of the outgoing edges of every interior vertex
always appear in the ordeb, 1, 2 in the positive cyclic orien-
tation around the vertex.

(3) For every interior vertex, all incoming edges, which appear in
the positive cyclic orientation around the vertex, between two
outgoing edges are labelled by the unique color not appearing
in these two outgoing edges.

By a counting argument, it can be deduced that in every Schnyder
realization, the three outer vertices have only incoming edges. Thus,
the corresponding Schnyder labeling is monochromatic around each
one of them. Moreover, using the three inner triangles incident
to the three outer edges, it is shown that each one of them has
a distinct color and that the three colors appear in the negative

ACM Trans. Graph., Vol. 42, No. 4, Article 1. Publication date: August 2023.
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Fig. 4. A Schnyder labeling le and the induced Schnyder realization right.

orientation of the outer face (which is CCW, if is embedded). We
can therefore assign each boundary vertex a color and thus naming
thembr BB 2 +.

The correspondence between the Schnyder labeling and the Schny-

der realization described above has the following properties:

(1) Each outgoing edge divides two di erent colored corner re-
gions that have a di erent color than this edge.

(2) Each incoming edge always enters in the corner region that
has the same color as the edge.

These properties can be seen in Fig. 3. This means that Schnyder
labelings and Schnyder realization have a one-to-one correspon-
dence and thus, every maximal planar graph also has at least one
Schnyder realization. An example is visible in Fig. 4.

2.3 Primal Trees and regions

Let2 2 fO-12gbe any color an®s+ 2 be the complementary colors

of 2. Schnyder [Schnyder 1990] showed that the directed subgraph
induced by the2-labeled edges is a tree. Then, adding the oriented
edgesr, b andb,k to this tree creates a directed spanning tree.
We call these three spanning tre¢se); and) 2. They have the
following properties:

(1) The only sink of) 2 is B, since every interior vertex has a
2-labeled outgoing edge and, by constructids,* &, have
one as well.

(2) There is a unique directed path inside from any vertex to
B, since) 2 is connected, has no cycles and no other sinks.

(3) Two paths of di erent color starting in an interior vertex do
not meet in another vertex. This follows directly from the
xed cyclic ordering of the colored edges.

Since) ; is a tree, between any two verticé®» @ + there is at most
one oriented path fron8to 9inside) . If it exists, we denote this
path by8 »9

Given a vertex8 2 + the three colored paths to the boundary
vertices partition the interior triangles into three disjoint regions
Rg T , which are according to the col@of the opposite boundary
vertex the single boundary vertex that is not in the region. This is
visualized in Fig. 5a.

ACM Trans. Graph., Vol. 42, No. 4, Article 1. Publication date: August 2023.

(a) The paths fron8to k), 8to & and  (b) A vertex9is within the 2 region
8to B divide the triangulation into  of vertex8 Therefore the2 region of
the three regions. 9is a subset of the 2 region &

Fig. 5. Every verte&defines three region®J, R} and R3.

2.4 Barycentric coordinates and Weights

Schnyder [1990] assigned barycentric coordinated$rl], 13 to
each vertexg by counting the triangles in each colored region di-
vided by the number of all triangled? = »=1=jR3jwith 22 f0=1s2g.

He then showed that these coordinates form barycentric represen-
tations, which are a subset of all embeddings. For his proof it is
necessary that if a verte®is in a2 colored region of another vertex

9 formally if there exists som€2 T, such that82 C2 R%, then

R2 R Zand thereforel2 12,

This approach was extended [Dhandapani 2010] by weighting
each triangleC2 T with a weight F¢ 2 Z such that the sum of
weights is unequal to zero.. So the banfcentric coordina@ 1%- 1§°
of a vertex8are de ned by1Z = lﬁ: orzFewith 22 f01e2g,

As long as all weights are greater than zero, this still produces a
barycentric representation as the properB2 R %) 13 13
holds. Notice that any scaling of the weights produces the same
barycentric coordinates.

i In this work we choose to not divide by the normalization factor

T Fcandrecord it as an additional coordinate, instead. This way
the barycentric coordinates are able to stayZrand the weights are
no longer scaling invariant. More formally, we de ne the following
two spaces:

The weightspaceWw = ZiTi. Each elemenw 2 W is an
assignment of weights to the inner triangle32 T, where
jTj=2+j 5according to Euler's formula. We represewt
by ajT j-vector of integerstF P -

ThebarycentricspaceB = z2'1*1 3°.1 Each elemerib 2 B
records two of the three unnormalized barycentric coordi-
nates of all inner vertice82 + n fiy* B+ 2g and also records
the sum# of all three unnormalized barycentric coordinates
of some vertex once, as it is the same for every vertex. This
space has dimension exact®j+j 3°, 1=2+j 5 To
ease the notation, we represebtby aj+ j-vector of 3-vectors
b+ , Wherebg = 110¢12+129 | such thatl) | 11, 12 =

# for every8 2 +. In this notation, we also writebg, =
1#e 07 sbg = 10 #+® ebg, = 10:0-#° , although they
are not really recorded irB.



In Section 4 we see that the mapping between weight space and
barycentric space is bijective. One of our contributions is that we
show that the mapping can be calculated in linear time for both
directions. It is interesting to note that the mapping from weights
to a single vertex coordinate also needs linear time. This is opposite
to the mapping from barycentric space to a single weight, which
can be calculated in constant time.

3 RELATED WORK

Graph drawing methods in integeEvery planar graph has a
planar straight-line drawing by the theorems of Istvan [1948]; Stein
[1951]; Wagner [1936]. Their results did not bound the grid-size
by any polynomial in the number of vertices. De Fraysseix et al
[1990] rstintroduced an asymptotically optimal straight-line em-
beddingond2= 4° 1= 2°gridin O!=log=°time. Chrobak and
Payne [1995] reduced the time complexity @'=°. Using Schnyder

E icient Embeddings in Exact Arithmetic ~ 1:5

(a) A Schnyder labeling and the cor-(b) A Schnyder labeling and all three
responding dual treeS2. dual trees.

Fig. 6. A Schnyder labeling induces three dual trees that each spans over
all triangles.

labelings and the induced trees [Schnyder 1989], Schnyder [1990] -4 be done using exact computation [Yap 1997], but it is more

built upon his ndings and presented two methods for drawing pla-
nargraphsond2= 5 1 2= 5°grid and a more compact version
usingal= 20 1= 20grid, both in linear time. All these methods
assume a triangulated planar graph with a three edge boundary.
Therefore all methods need to add edges until the graph is trian-
gulated and remove them after the embedding. Tutte [1960, 1963]
avoids this by introducing convex drawings, meaning that every
face will be embedded as a convex polygon, and proved that every

3-vertex-connected planar graph has a convex drawing. The embed-

ding can be found by solving a (sparse) linear system of equations.
The methods of both De Fraysseix et HI990] as well as Schny-
der [1990] were generalized to the same setting, namely convex
embeddings, retaining the linear time complexity ([Chrobak and
Kant 1997; Kant 1996] and [Battista et 8099; Bonichon et a2007;
Felsner 2001; Schnyder and Trotter 1992]).

Our method is based on the non-compact method of Schnyder.

Applications of Schnyder woodesides integer grid embeddings,
Schnyder woods were used in di erent applications. Aleardi et al
[2009] extend Schnyder's de nitions and algorithms to closed ori-
entable surfaces of arbitrary genus to encode meshes of arbitrary
genus. The algorithms work in linear time (for xed genus). Fel-
sner and Zickfeld [2008] draws a connection to orthogonal surfaces
by extending schnyder labelings to non triangular faces. Recently,
Barrera-Cruz et al[2019] presents an improved method for morph-
ing between two planar drawings of the same triangulation while
maintaining straight-line planarity using Schnyder embeddings. He
and Zhang [2010] developed a greedy routing algorithm, a message
is forwarded to a neighbor that is closer to the destination, that
use Schnyder woods. Their method uses fewer bits to represent
the local coordinates compared to the classic approach. Another
application are cycle separators, which separate a graph into two
vertex sets with similar number of vertices. Castelli Aleardi [2019]
use a heuristic to balance Schnyder woods to improve the shape of
the regions.

Exact arithmetic and parametrizatioris.the realm of generating
meshes (e.g., for simulation) it is standard practice to use robust
arithmetic [Brénnimann et al2023; Shewchuk 1996; Si 2015]. This

common to use multi-precision types and increase resolution as
needed to guarantee reliable predicates [Shewchuk 1997]

Interestingly, while parameterization methods for triangle meshes
are very similar in nature, it is uncommon to use such methods for
checking the orientation of triangles. Most methods that make 'guar-
antees' are using oating point types and carefully select thresholds
for the signed area of a triangle so that despite inexact computation
the status of a correctly oriented triangle is reliable [Garanzha et al
2021]. On the other hand, this decreases the available resolution
of the oating point type we suspect that the problem cases we
found for Progressive Embedding [Shen et2019] are resulting
from this limitation.

One of the (likely) very few parameterization methods that avoids
such problems by using exact arithmetic is for the 3D case, i.e., map-
ping a tetrahedral mesh into a convex domain [Campen e24l16].
Interestingly, their representation is also essentially barycentric
and they map any non-rational function to a rational one to avoid
dealing with numerical issues.

4 CONSTRUCTION

We present two novel linear time algorithms: The rst one (Al-
gorithm 1) computes barycentric coordinatbs2 B from weight
vectorsw 2 W ; the second (Algorithm 2) computes the inverse,
i.,e.w 2 W from b 2 B. For this, we extend the theory discussed
in Section 2, introducing new notions, namely dual binary trees,
dual regions, and dual edge labeling. We feel that the dual picture
simpli es the algorithms, both conceptually and implementing them
in practice.

4.1 Dual binary trees and dual edge labeling

We want to contribute a dual labeling that arises from a Schnyder
realization and the dual graph. A Schnyder realization induces three
di erent colored dual binary trees each one containing all triangles.
Given a triangle, these trees can be used to divide all vertices into
di erent regions.

Let2 2 fO=1+2g be any color an®1* 2 the complementary colors
of 2. There exists a dual spanning tree)af in the dual graph
which consists of all edges in that correspond to the edges of

ACM Trans. Graph., Vol. 42, No. 4, Article 1. Publication date: August 2023.
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n) 2 [Aigner and Ziegler 2009, i.e. all edges with colror 2>. We
call these dual spanning tre€s%S1.S2. We orient eacts? by rst
making the outer triangle the root of the tree and then orienting
each dual edge towards the root. We visualized an examp&s1
andS?in Fig. 6. This tree has the following properties.
(1) The root only has one child, namely the only inner triangle
incident to the boundary edgéb, * k,0.

(2) It is a rootedbinary tree, as a triangle has at most three
neighbouring triangles from which one is the parent, leaving
a maximum of two children.

Next, we will prove that there are three equivalent descriptions
of these dual trees.

Lemma 4.1Given a maximal planar graph, a Schnyder labeling

Ugo Finnendabhl, Dimitrios Bogiokas, Pablo Robles Cervantes, and Marc Alexa

Fig. 7. The dual sub tresggis enclosed bg98 Eand9 LB (le). As
SZglabeled 0, it contains all triangles of the regidR3 n R} (right)

and its corresponding Schnyder realization, the following are equiva-

lent:

i For every 2 f01s2g, S2 is the dual tree de ned above.

i Foreverp 2 fOr1+2g, S2 is a directed graph in , containing the
dual edges of all edges inopposite of 2 labeled corner, oriented
outwards from the triangle that has tfigabeled corner.

iii Forf2¢3¢2g= f0=1:2g, where2« 2+ 2 are in the same cyclic order
as(1+2, S? is a directed graph in , containing the dual edges
of all2y and all2; edges of , oriented as follows:

The2labeled dual edge oPaedgetis oriented from the triangle

that4 is directed opposite to the positive cyclic orientation (its

right triangle) to the triangle thad is directed according to the
positive cyclic orientation (its left triangle).

The2 labeled dual edge of2a edge is oriented from its left
triangle to its right triangle.

Proof. LetS2 be the dual tree de ned above. For the only child
of the root both ii and iii are trivially true. We then prove these prop-
erties inductively also for every left and every right child. Without
loss of generality we show the inductive step in the caseSct

Let? 2 T be aninnertriangle satisfying
the inductive hypothesisand le¢ A2 T its
left and right child respectively. Then, be-
cause of the xed cyclic ordering of the
Schnyder labeling, the edge in corre-

sponding to the dual edge connectifgand; is incident to the
1land?2 corners inside?. Since it corresponds to a dual edge inside
S2 it cannot be labeled by, so it is labeled byl and is oriented
like iii dictates. Similarly, the edge corresponding to the dual edge
connecting? andAis labeled by and is also oriented as in iii. More-
over, there is exactly one admissible Schnyder labeling afid A
and in this labeling the corners inandAopposite from? are indeed
both colored by 2 as inii.

For the inverse statementii i, notice that the dual spanning tree

visits each triangle once and each triangle has exactly one corner

labelec?, so the description in ii determines fullg2. Similarly, for
iii) i, the edges of th@ dual spanning tree are exactly the dual
and2; edges, so iii also fully determine3?.

This description means that every triangle has three di erent

colored outgoing dual edges, appearing in the same positive cyclic
order as the corner labels. It must therefore have three, not nec-

essarily di erent colored, incoming edges, we can verify this in
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Fig. 8. The three dual paths froi@to the outer face divide the vertices in
three regionsL %L 1 and L 2.

Section 4.1. Now, we can see that the tr&shave the following
dual properties of 2:

(1) The only sink ofS2 is the outer face, since every interior
triangle has &-labeled incoming dual edge.

(2) There is a unique directed dual path insi®? from any tri-
angle to the outer face, sinc®? is connected, has no cycles
and no other sinks.

(3) Two dual paths inS2 of di erent color, starting in an interior
triangle, do not meet in another triangle except the outer face.
This follows from the xed cycling ordering of the colored
dual edges.

Intuitively speaking, every sub tree i62 grows until hitting a2
colored edge, so the sub tree of aninner trian@i2 T is enclosed by
the edget = 8¢ § 2 shared with its parent triangle and otherwise
only by 2 colored edges. We callthe edge above the sub tree and
we denote byS‘% the sub tree below the edgk As the vertice8and
9have a2 colored path tog, the sub tree belowt is enclosed byt
and the two2 paths! » from 8to B and 9to Eg denoted with8 2B
and9 2B, respectively. In fact the sub tree contains all triangles
within this undirected cycle, sinc&? is a dual spanning tree and
it cannot cross any2 colored edge. This is depicted in Fig. 7 (left)
with an example edg8&+ 9We use this property in Section 4.2 to
show that we can construct two of the colored regions&ify the
uni cation of such sub graphs (already shown on the right).

Similar to the primal graph, each inner triangtgé2 T partitions
the vertices into three disjoint dual regions by the three dual paths
to the outer facegyt. We name the dual regionls% +, where2is



the color of the dual path not taking part in its boundary. It is also
the color of the single boundary verte within this region. This is
depicted in Fig. 8. The boundary bf(z: is the set of all inner triangles
on the2; and2»-dual paths fromCto the outer face. Equivalently, it
is the set of all inner triangle®2 T with at least one vertex irL g 2
and at least one vertex outside hf2 The dual regions have S|m|Iar
properties to the primal regions. Here we prove the dual of Lemma
5.2 in Schnyder [Schnyder 1990], i.e. that if a trianB®uches the

2-colored dual region of another triangl§ thenLg L 2

Lemma 4.2Let be a maximal planar graph together with a

E icient Embeddings in Exact Arithmetic = 1:7

Given an edget = f8+§ 2 , that divides a parent and child
triangle of S2 , this edge is eithef or 1, as2 edges can not divide a
child and a parent ir62. As already explained, the sub tréé below
4 contains all triangles that are enclosed by the undirected cytle
9 2B,B 28 Recall that the oriented boundary edggss and
E B are also considered paths. W.l.o.g. we assume that the edbe
is labeledd and points from8to 9 Thelregion R% of the vertex9is
enclosed by the unoriented cyclé¢ ob, fE*Eg B 29 As9isin
theOpath8 (b, thelregion R81 of the vertex8is enclosed by the
unoriented cyclet, 9 0B, fErEg B2 28 This meanR] n Ryis

Schnyder labeling and its corresponding Schnyder reallzanon Moré?”‘:IOSeOI bythecycld, 9 25,E 28 whichis exactly the SUb tree

over, leB«@ T be any two inner trlangles such tfth ; for

some labe? 2 f0»1s2g. Then, itistrue that § L 2.

Proof. Without loss of generality, we prove it foR = 2. Let
G2 T [f Gutg be the rst triangle on theC-dual path fromBto
Gut that lies also in the boundary of (2: Because of the xed cyclic
ordering of the outgoing dual edges & the triangleGcannot be
on the 1 dual path fromCto Gyt, soGis on the0-dual path fromC
to Gut and alsoG < C Since the dual paths of some color cannot
form any undirected cycles, thé-dual path fromCto the outer face
and fromBto the outer face overlap fron®on. Similarly, the rst
~ 2 T [f Gutgon the 1-dual path fromBto Gt that lies in the
boundary ofL (2: is also on thel-dual path fromCto the outer face
and the twol-dual paths fromCand fromBto the outer face overlap
from ~ on. This means that every triangle on the boundaryloﬁ
touchesL 2, which means that § L &

The dual regions and the primal regions are in fact associated
through the following relation. All vertice8within the 2 colored
dual region of the triangleChaveCin their 2 colored primal region,
or more formally:

Lemma 4.3Let be a maximal planar graph together with a

S4, i.e. the sub tree below. This example is shown on the right in
Fig. 7. Formally, for every edge=f8+§ 2 colored by2; 2 fO-1g
and oriented fromBto 9we write

S§ =R nRZe @)

where2;¢ 2 are the complementary colors & Inductively, for any
given inner vertex8 2 + and color2; 2 f0-1g, the union of the sub
trees below every; edge along the patll 2],521 is the2; region of
8 where2; is the third color. Formallng = 428 5By S2

This insight allows for a simple algorithm calculating the barycen-
tric coordinates for all interior vertices at once. First we need to
calculate the summed weighf of all triangles within the sub tree
S# for all sub trees:

o}
By = Fc (2
QSi
For4 = f8¢§ 2 , letC= f8+ 9+« 2 T be the root ofS7. Then
SZ:fQ;[ng_ [Sf .8 and it follows that

B =Fc, Bo«g. Bigg® (3)

asSf 9+g and 82 g are disjoint and do not contai® For this com-

Schnyder labeling and its corresponding Schnyder realization. Morq;uta“on we seB; Ofor every edget labeled by2, or equivalently

over, [etC2 T be any inner triangle anl 2 + any vertex. Then,
82L%, C2Ri.

Proof. Let2; and 25 be the complementary colors & Then,
given a vertexg8 2 L Ieth-Iﬁ 2 be the rst edge on the2;-path
8 2,B, suchthatD 2 L2 candE8 L (2: Since the; dual path can not
cross &1 edge, the dual of D+ l§ must be labeled bg. The same
holds for the2, path8 »,B, and the2; dual path. This means that
the2; path8 B, and the2; path8 »,B, separate the triangl€
from B which is equivalent toC2 Rg.

Now that we introduced all necessary data structures, we can
describe the mapping from barycentric space to weight space
and its inverse.

4.2 Forward - From weights to barycentric coordinates

Letw 2 W be some weight vector and let us x a Schnyder labeling
for a maximal planar graph = 1+ ©.To calculate the barycentric
coordinate vectob =" w 2 B, we rst traverse the dual binary
tree of one key coloR. Then in the second step we traverse the
primal trees of the complementary colors 2fIn the following we
assume 2 is the chosen key color.

we can think such an edge as being above an empty sub tree. This
can be done in linear time by traversing tiiedual binary tree in
post-order. For our visualizations we stoBg in the edges.

Note that we can calculate th& coordinate of8given thel coor-
dinate of itsO parent9 by adding to it the weight stored in the edge
f8+ 8. So, starting withl}E, = 0, we traversg ¢ in pre-order and for
every oriented edg& 9we compute

1§=13. Bg.g’ (4)

Then, we repeat the same for tliecoordinates with thel primal
tree. Lastly, we computé¢ 5 T Fcto be the last entry oB,
since, in our notation13 = oTFc 1§ 13 for every82 +.
This algorithm is listed in Algorithm 1 and an example of such an
embedding is shown in Fig. 9.

4.3 Backward - From barycentric coordinates to weights

Barrera-Cruz et al[2014] pointed out, that the backward step is pos-
sible by solving a linear system of equations. Felsner and Zickfeld
[2008] proved that the LSE has full rank. We present a faster algo-
rithm that is even simpler than inverting the steps of the algorithm
mentioned in Section 4.2.
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ALGORITHM 1: Weights to Barycentric Coordinates

ALGORITHM 2: Barycentric Coordinates to Weights

Input w2 W

Output: b2 B

sum_weights(f By B Q) /I Traverse S,%OE1 in post-order.
calc_bary( B00) // Traverse the O tree in pre-order.
caIc_l?ary( Ee1s0) /I Traverse the 1 tree in pre-order.
15 = «rFc

Function sum_weights@ 2 )
if 4is 2then
‘ B =0
return By
end
f8eg:=4
Ci=1809+g 2 § Il Get the root of
By := Fc, sum_weights(f 9+:9) , sum_weights(f:*80g)
return By

Sz

end

Function calc_bary( 92 +¢22 f01gr1 2 2)
f2.g:=f01g nf2g
12 =1
for 892), do /I lterate over children of 9
| calc_bary( 8+2+% | Bg.q)
end
end

Fig. 9. Two embeddings generated by the forward transformation. The le
was generated with all weights set té. The right has one weight set to -50.
Note that multiple triangles have negative area (red) in the right example.

Let be a maximal planar graph, together with a Schnyder la-
belling and its corresponding Schnyder realization. For any barycen-
tric coordinatesb 2 B, we compute the corresponding weight
assignmenw =" 1b as follows: Le®1+2 be the complementary
labels of2 and let4 = f8+§ 2 be any edge corresponding to a
dual edge inS?, labeled by?; and oriented a8 9n the Schnyder
realization. Then, aigz = 1%2 . B, we can easily reconstruct the

weight B stored in4 above the 2 dual binary sub tre®3:
1 q1 i
815 13 If4iso
§1g 19 if 4is Ie
-0 if 4is 2
Given a triangleC= f8¢ 9+g 2 T with the 2 colored corner at the

vertex: , we know thatC 2 szs.g’ by Lemma 4.1ii. Thus, using

By = ©)
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Input :b2B
Output: w 2 W
for C2 T do
Fc=0
/* lterate over all undirected edges f8+9 in C We
assume8 and 9 appear in positive cyclic order
within C
for 8¢9 2Cdo
if f8@is Othen
| Fc.=%g 1g°
else if {8« gis 1then
| Fc.=1g 1g°
end
end

*/

end

Eq. (3) we directly get

Fc=Brs-g Brg-:g Bf:~89" (6)

That can be directly calculated in a loop over all triangles, since for
each triangleC2 T we only have to access the Schnyder labeling, in
order to nd out which of the three edges is the one that contributes
positive and how every edge is oriented.

We can simplify the way this computation is written, using
Lemma 4.1iii. Le# = f8+ §be a0 labeled edge, oriented 89 Then
its dual edge insid&2 is oriented fromd's right triangle A= 8« 9«g
to 4's left triangle ? = 8¢ 9%g. This means that the positive cyclic
ordering ofAis 983, whereas the positive cyclic ordering &fis
89». Also,B; contributes positive ir? and negative imA because
2 is the parent ofA So, we geEa=11 1} Bgu,q Browgand
Fo =15 1% Bgw,g B oe,g SO, in general, for some triangle
C= 0+ 1+ g with positive cyclic orientation012 if f0+ 1gis labeled
0, its contribution inFcis 1} 15. Completely symmetrically, it is
true that if f0+ Igis labeledL, its contribution inF cis 13 18. This
algorithm is listed in Algorithm 2.

Four of the eight di erent edge labelings possible and their re-
spective equation for the weights are depicted in Fig. 10. The last
four can be calculated respectively, by replacing the fopdgef 8+ §
(here oriented a8 Ywith a 0 edge, oriented in the opposite wa§8

It is therefore also easy to translate the barycentric coordinates
of a vertex in weight space, as a change in barycentric coordinates
of 8only in uences the incident triangles o8 In fact it only e ects
the (at most 6) triangles incident to the out going edgesdf given
a triangle incident ta8contains two edges pointing towards the
barycentric coordinates & that would in uence the weight of the
triangle, cancel out.

We can use this backwards algorithm to bring any planar trian-
gulation, even those with ipped triangles, into weight space. There
we could naively set every negative weight i as only positive
weights will lead to a valid embedding. This leads to embeddings
that look similar to Schnyder embeddings with weights equal to
one as we can see in Fig. 11. We will now present a method that
introduces less distortions to the input mesh.



()Fc=19 19,1 11=12 13 (b)Fc=19 1%, 1!

0
19

©Fc=1§ 1° (d)Fc=13
Fig. 10. Four of the eight possible Schnyder realizations for a triangle. To
get the other four we just have to flip the orientation of the top edge from
8920 9&nd change its color td®. The weight can be retrieved using two or

four barycentric coordinates.

Fig. 11. Tue embedding fails to embed the swirl mesh #40261 from
ThingilOK [Zhou and Jacobson 2016] (le ) in doubles. We fixed it with
the naive approach, transforming it to weight space and set all negative
weights to 1. The resulting embedding (mid) hardly resembles the input.
Applying the unflip strategy results in less distored results (right).

5 GENERATING EMBEDDINGS

With the algorithms just described, any maximal planar grapttan

be embedded in the plane by choosing arbitrary positive weights
w i Oand sending them through the forward transformation. Con-
versely, we can take any planar realization of a maximal planar
and represent it using weighta/. The weights are not necessarily
positive even if the planar triangulation is embedded.

The latter transformation is useful for starting with a given pla-
nar realization, detecting ipped triangles, and then modifying the
weights so that all triangles are correctly oriented. As we show be-
low, this can be done e ciently. A practical prerequisite is, however,
that the planar triangulation is represented on a discrete grid. If this

is not the case the positions need to be quantized. This may cause

E icient Embeddings in Exact Arithmetic ~ 1:9

is a triangle, it cannot be part of any overlapping triangles. If
all inner trianglesC2 T have positive area, is embedded. For
any vector of barycentric coordinatds 2 B this is equivalent to
dettbgrborb. © | Ofor everyC= f8¢ 9«g 2 T with positive cyclic
orientation89: Let# =17, 17, 13=13, 15, 15=17, 1' 17,
then it is true that

19 10 10 10#
dettbgbgeb. © = # det 12 1 1Z 1 (7

and so, we can always check this smaller determinant.

Increasing weights to create embeddiligeeems that there is no
apparent connection between ipped triangles and negative weights.
Itis easy to see that ipped triangles can have positive weights and
negatively weighted triangles can have positive area. All we know
is that if all weights are positive then we have a barycentric rep-
resentation [Felsner and Zickfeld 2008], all triangles have positive
area [Felsner and Zickfeld 2008], therefore a valid embedding. This
immediately leads to a fast and straightforward but rather naive
approach: set all non-positive weights of the planar realization to a
positive integer (e.gl). This algorithm runs in linear time. The prob-
lem with this strategy is that given a 'random’ triangulation, half
of the weights are negative. Empirically, embedded triangulations
or triangulations with only few ipped triangles still have a large
number of negative weights. This means a lot of weights change,
resulting in a triangulation very di erent to the input one, e.g. see
Fig. 11.

We present a strategy that iteratively increases weights until
all triangles have positive areayithout necessarily making them
positive Several technical results are necessary to show that this
will lead to a terminating algorithm.

Fully extended triangleketC2 T be any inner triangle in the
triangulation of . Moreover, let®» G+ & be its three vertices, such
that the corner inCat @ is colored? in the Schnyder labeling. Since
the three labels always appear in the cyclic ordefs2 in positive
orientation of G we deduce tha®CG& is the cyclic positive orien-
tation of C Note that the three dual paths starting frof@ito the
outer face separate each vertex@hto a di erent dual region and
moreover,C 2 RZ Given barycentric coordinates 2 B, we will
call an inner triangleC2 T fully extendedwith respect tob, if for
every2 2 f0-1:2g, @ is the vertex closest t& amongC®. G+ € or,
more formally, if the following inequalities are true:

1% i maxige1%e
15 i maxflse 150
1% i max1ge15g’

Lemmab5.1Let be amaximal planar graph, equipped witha xed

®)

additional degeneracy, but this is inconsequential. We discuss the Schnyder labeling anfi be the set of all inner triangles. Moreover,

issue of resolution of the discrete grid in Section 6.

Orientation of a triangleGiven a maximal planar graph, to-
gether with a xed global orientation of and a mapping of
on the plane, we say that a trianglé2 haspositive areaif the
positive orientation ofCis the same cyclic ordering of its vertices
as their CCW ordering in the plane. Given that the boundary of

letb 2 B be a collection of barycentric coordinates@2d be any
fully extended inner triangle with respecttoThenChas positive
area.

Proof. Since®GC is the positive cyclic orientation of; it suf-
ces to show that the pointdpeba b in the plane appear in CCW
cyclic ordering.
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We now divide the plandGe~+q 2 73 :
G, ~, I = 1g using these three lines
0:6=1%, 1:~=1and 2 :1 =12,
These lines are parallel to the boundary
edges B kg, fB* HgandfBe Egrespec-
tively, so, in particular, no two of them are
parallel to each other. Le®gie ?1# %20 be
the three intersection points. Because of
the xed cyclic ordering of e B+ B, the
points ?g1e ?12» 220 appear also CCW.

SinceCis fully extended, the inequalities in inegs. (8) imply that
for every2 2 f0»1s2g, @ lies on the line 2, between the two points
?20, and?2,2, where2;+ 2 are the complementary labels &f This
means thatge G* G also appear in this CCW order.

Increasing a single weigh#or the rest of this section, we will
investigate how the barycentric coordinates of any vert@® +
change if we increase the weight of one triang®2 T. Given
some originalw 2 W, letb =" w 2 B be the corresponding
barycentric coordinates and 2 Z; o be any positive integer. Let now
w0=w , X4&be the new weight assignment, leaving every weight
the same, exceft2= F ¢, Xand denote byo?=" wl=" 1w X4°
the new barycentric coordinates. Choo2e2 f0+1+2gto be that
label, for which82 L (2: Then, the new barycentric coordinates ®&f

are

1@ =13, Xe gl = 151. ]gzz = 152. 9)
where2;¢ 2 are the complementary labels &f This can easily be
seen using the dualitg2 L2, C2 RZ and the de nition of " .
Indeed, the weight change @only a ects the cumulative weight
of R2 and thus the value ofZ, leaving the other two coordinates
una ected Nopce that this change also a ects the sum of all weights,
as T FC— QT FC X

Proposition 5.2. Let be a maximal planar graph, equipped
with a xed Schnyder labeling antl be the set of all inner triangles.
Moreover, lelv = 'FPT 2 W be an assignment of weights and
C2 T be any inner triangle. Then, there exists sk Z; o such
that for everyX2 Z; o with X Xg, Cis fully extended w.r.t. the new
barycentric coordinatés'w ;| X4° 2 B.

Proof. Letw®=w X4 b=" wandb0=" wl=" 1w X4°.
Since@ 2 L2 itis true that1$ = 1% , X, for every2 2 f0»1s2g,
because of Eq. (9). Also, the sum of all weights is increaseddsy
well. This means that:

9 0 1 12
fi Do g lo.X 1o 1o
3 %E)r Fe gx f&T Fc X 11(2'|'XFC X, <¥T Fc
lim gi<d_ 4= 1lim g_i¢d pct il
X1 3 @1 Fcz x1 gXx T Fc X QT Fc X o1 Fc
2 b R 1o ile L. X
3 ot FQ X, orFc X orFc X orFc
2 bl
0 2 g Fe
=0 1 jim B %62
0 X1 g erfe
O b
1 ot Fe

(10)
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In other words, by increasing the weight of a triangle we deform
the triangle towards the shape of the boundary triangle. In partic-
ular, there exists som¥, such that for allX X, the following
inequalities hold simultaneously:
0 1
1!GJ . X i 1 1 . X
X, artFc 2 X, coTFc
Since1? | 1& 1P = X, @tFc= e F2for every8 2
{eel ép the inegs. (11) imply thatg i 3 7F2and13",
1(:22 v1 5 QT FO where2;¢ 2 are the two complementary labels of
2. This proves that for everX X, Cis fully extended with respect
to b0,

12

3 an

1
@TFc'z X,
|

In particular, using Lemma 5.1, this means that by continuously
increasing the weight of a triangle, this triangle eventually stays
un ipped.

Proposition 5.3. Let be a maximal planar graph, equipped
with a xed Schnyder labeling anfl be the set of all inner triangles.
Moreover, letv = *FPo1 2 W be an assignment of weigh®2 T
be any inner triangle fully extended with respedi to" w 2 B and
B2 T be any other triangle. Then, for ev&g Z; o, Cremains fully
extended with respectttB=" 1w , X4° 2 B.

Proof. We make a case distinction based on how many di erent
dual regions oBcontain some vertex of We have three cases, &s
can touch just one, two of them or all three of them. LE» G+ € be
the usual names of the vertices Gf

(1) In case all vertices dfare in the same dual region & they
get translated by the same amount which does not change the
shape ofC Formally, let®s G+ € 2 L § for some2 2 f0»1+2g.
Then, according to Eq. (9) onll)g' lgf-]g change. So, two
of the three inequalities in inegs. (8) remain true in the new
coordinates and for the last one we haﬂzé Xi maxfl
Xe %z , Xg, where2;+ 2 are the complementary Iabels Gf
This proves thaCremains fully extended.

(2) In caseClies in only two dual regions oB there exists exactly
one2 2 fO»1s2gsuch thatl §\ C= ;. Let2;+2 be the comple-
mentary labels of. Notice thatCis on the2 dual path fromB
to the outer face. This means thatg 2L B FandL & 2L B,
as proven in Lemma 4.2. Sinc® 2 L21 and 2 L22 by
de nition, we also have tha 2 L 3t and(?2 2L% Th|s
means that the Ineq. in 8 |nv0IV|ngG remalns true asis and
for the other two we havetcg1 X maxflG é gand
1(322 . Xi maxfl x.éz g. Note that only one 011210133?
is increased by, makmg one of these two inequalities even
stronger.

(3) In case every vertex is in a di erent dual region, we have
B= Cand for every2 2 f0-1-29, & 2 L& by de nition. Then,
according to Eq. (9), onlygj JLQ change So, the three in-
equalities in inegs. (8) give . X 1@ i maxfl JCQZg,
where2; 2 are always the Iabels complementaryZoThls
again, proves thaCremains fully extended.

Newly ipped trianglesNotice that in the case that L %for
some labeR 2 f0=1+2g, the sign of the area oEdoes not change, no
matter if it is fully extended or not. Intuitively, ifCis fully inside



the 2 labeled dual area, the transformation just shifts it towards
B, without a ecting its area. Rigorously, this can be proven, by
noticing that such a transformation adds a constaio every entry

of the 2-row of the matrix tbgrbgeb. © and this new matrix has the
same determinant as the original. Thus, it is true that newly ipped
triangles can only be found on the borders of the three dual areas,
i.e. on the three dual paths frofto the outer face.

Fixing mapping into embedding/e now have the necessary in-
sights to see that increasing the weights of a trian@® T will
eventually fully extend (Proposition 5.2) and €iis going to eventu-
ally have positive area (Lemma 5.1). Once this state is achi€veitl,
stay fully extended, even if we increase the weights of other triangles
(Proposition 5.3). This suggest di erent strategies for adjusting the
weights in order to ' X' a planar triangulation with ipped triangles.
We consider the following main strategy: increase the weights of all

ipped triangles to un ip them, then recompute the coordinates and
nd the new ipped ones. The algorithm is listed in Algorithm 3.
For this, we implemented two strategy of increasing the weights. In
the rst, we fully extend a ipped triangle so that no further check

of its area is necessary and in the second we increase the weight
of a ipped triangle by the smallest amount needed to un ip this
triangle.

Fully Extend StrategyAs we know that onceC2 T is fully ex-
tended,Chas positive area, even if weights of other triangles are
increased later. Therefore we can choostr a ipped triangle Cto
be

0,10 0
%maxf 152159 1@-§
X=1, max_maxdije1,g 15e ”

3 12)

: maxflé-lég 122;
This means we only have to adjust the weight of each triangle at
most once.

Un ip Strategy.By using a stepX as in Eq. (12), we are over-
correcting . Whilst it is the case that fully extended triangles have
positive area, being fully extended is not a necessary condition. This
means we could in fact choose a more conservative step that still
guarantees tha€gets un ipped in the new coordinates, but does
not guarantee that the area @will stay positive if we increase the
weight of other triangles afterwards. We can use Eg. (7) to calculate
the smallest possibl¥ ; 0that makes the area dEpositive, by
solving the following inequality:

0

19 19 X 10
det 1(19 1? lfg)? 1? w10 (13)
@ (¢ c C >
L p .
This givesX %1 tr2 4det tr ©° where isthesame 2

matrix, before applying the transformation (so f&¢= 0). So, we
can choose

p

tr2  4det tr 1" (14)

NI =

E icient Embeddings in Exact Arithmetic ~ 1:11

ALGORITHM 3: Fixing mapping into embedding
Input :b2B
Output: b°2 B
w=" 1p
19:=1
& = find_all_flipped_triangles()
while & < ; do

/I Compute weights.

for C2 & do
| w=w, compute_step(t)4c
end
=" w /I Update coordinates.
& = find_all_flipped_triangles()
end
Function find_all_flipped_triangles()
& =
for C2 T do
/* We assume that the vertices of Care saved in
the positive cyclic orientation */
f8¢9eg:=C
if dettbgebgeb. © Othen /I'If  Cis flipped.
| &=&[fQ
end
end
return &
end
Function compute_step_fully_extend( C2 T)
émaxflgl-lgzg lg)-g
return X=1, max_maxflle1o9 15
Fmadlgellg 1%

end

Function c?mpute_step_unﬂip( c2Tm)
‘ return 3 w2 4det tr 1

end

6 IMPLEMENTATION DETAILS

We implementedE3A in C++ using Eigen [Guennebaud et 2010]
and Libigl [Jacobson et a82018]. The resulting tools have two re-
strictions: (1) the graph of the triangulations needs to be not only
planar, but maximal, meaning the outer face is a triangle with ex-
actly three boundary vertices; (2) if we want to start from a given
planar triangulation, the coordinates have to be integers. In the
following we explain how we address these restrictions; in addition,
we explain the generation of the Schnyder labeling.

6.1 Boundary with more than three vertices

First note that any triangulated topological sphere satis es the com-
binatorial requirement if we remove any triangle, i.e., identify it as
the boundary. In case we want to use Schnyder's method on any
mesh with disk-topology, we need to enclose the boundary with a
triangle and then connect the triangle to the boundary. This can be
done by connecting each inserted vertex Wigﬁof the boundary
(see Section 7.1 for an experiment with this approach). If we want to
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