Differentiable Voxelization of Surface Representations

TOBIAS DJUREN, Technische Universitit Berlin, Germany
UGO FINNENDAHL", Technische Universitat Berlin, Germany
MARKUS WORCHEL", Technische Universitat Berlin, Germany
HENDRIK MEYER, Technische Universitit Berlin, Germany
MARC ALEXA, Technische Universitit Berlin, Germany

Initial Optimized

A )
Initial y 4% 4
7/

w/
Tiling

c) Repeatable tiles in R3

Ak
Initial cut

Optif'nized cut

Optimized

Input Voxelization

Forward gradient  a) Resolving self-intersections b) Bandsaw cutting
Fig. 1. We present an efficient technique for differentiating voxel values with respect to the surface that generates the voxel grid. This enables the solution of
various problems that can easily be solved on regular voxel grids, such as intersection detection, for surface representations like triangle meshes. The technique
can be readily integrated into gradient-based optimization frameworks like PyTorch [Paszke et al. 2019]. Moving the highlighted vertex (left) in the indicated
direction changes the voxelization of all adjacent triangles (right). We discuss various applications, like a) the resolving of self-intersections, b) optimized cuts
for manufacturing with bandsaws, and c) shape deformation to form repeatable tilings that fill the R3.

Different shape representations facilitate different computations. Surface
representations, in particular meshes, are often used for modeling, whereas
volume representations are useful for spatial queries such as intersection
or containment. Optimizing a surface representation based on a volumetric
properties by gradient descent requires the derivatives of the volume relative
to its bounding surface. We derive this gradient for winding numbers and
show that it can be efficiently computed for volumetric values sampled on a
regular grid (voxel representation) and surface parameters based on vertex
sets (triangle meshes). This enables an efficient solution for a variety of
optimization problems. We demonstrate the practical use of this approach
at the examples of deforming meshes to resolve intersections, being man-
ufacturable by cutting with a bandsaw from three directions, and creating
shapes that are close to tiling 3D space.
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1 Introduction

The shape of a solid object can be represented in two fundamentally
different ways: (1) as the part of space Q c R”" covered by the
object; or as the boundary 9Q enclosing its interior. We will refer to
these representations as volume and surface representations. Each
class comprises various instances, serving different purposes and
application domains.

In many applications, the interior of the shape is not visible or ir-
relevant. Then surface representations suffice to describe the shape
and avoid storing information that is irrelevant. The most relevant
surface representations are polygon meshes [Botsch et al. 2010],
dominating in the visual effects and games industry, parametric sur-
faces used in CAGD [Farin 2002], and subdivision surfaces [Warren
and Weimer 2001] being a combination of the two.

Volumetric representations are useful when either the interior
is heterogeneous or the space covered by the object, possibly also
in relation to other shapes, is relevant. Examples are intersection
queries [Amanatides and Woo 1987] or constructive solid geome-
try [Voelcker and Requicha 1977]. Clearly, the most relevant way
to store information about the interior is a regular grid, so-called
voxel representations. Voxel grids align well with hardware and, in
particular, memory access, making algorithms operating on them
very efficient in practice. This is likely part of the reason why they
are used in compute-heavy domains, for example, in machine learn-
ing [Deng et al. 2021; Liu et al. 2020; Sun et al. 2022]. The information
stored in the voxels varies: binary information about being interior
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(occupancy), distance to the closest point on the surface (distance
fields), or, as we suggest here, the winding number [Mobius 1865] —
see Sec. 3 for details.

Modeling and optimization of shapes relies almost exclusively on
defining an energy function E (similar to the loss used in machine
learning) that takes on smaller values for better solutions to the
problem. Our original motivation for this work was modeling geom-
etry that can be cut out of a solid using a bandsaw. This requires the
object to be the intersection of extrusions (see Sec. 4.3 for details).

While this condition can be easily checked for a volumetric rep-
resentation, it is quite cumbersome for surfaces. Yet for exploring
the space of deformation of an object, surface representations have
shown to be very useful [Botsch and Sorkine 2008; Montagnat et al.
2001]. We believe this a common scenario: a shape is given in a
surface representation, governed by parameters 6 € R™ (e.g. the
vertex positions of a polygon mesh); we wish to find or approximate
arg ming E(Q(0)), where the energy E depends on the volumetric
representation Q(60) of the shape. Efficient optimization relies on
the gradient of the energy E relative to the parameters 6, which by
the chain rule is a product of two quantities:

JE(Q(0)) 9E(Q(0)) 2Q

= —_— 1
20 0Q 00 W

While the derivative(s) of the energy with respect to the volume
representation will depend on the energy, the derivatives of the
volume with respect to the parameters of the surface representation
are a general problem, whose solution enables a range of methods
and applications. In Sec. 3 we derive a general continuous solution
for the winding number function, allowing the treatment of self-
intersecting surfaces. For the most common case of triangle meshes,
we show that this approach allows computing the derivatives for a
voxel grid in a highly efficient way (Sec. 3.3).

We evaluate the implementation of this approach (Sec. 4) and then
demonstrate its effectiveness and versatility in several applications:
apart from the mentioned bandsaw geometry, we show how to
resolve self-intersections and deform shapes so that they better tile
space. Sec. 5 discusses directions for future work.

2 Related Work

Rasterization and Voxelization. Rasterization of solid primitives
such as meshes is one of the fundamental blocks of image genera-
tion, and techniques go back to the early days of computer graph-
ics [Appel 1968; Warnock 1969; Wylie et al. 1967]. Generalization
from two-dimensional pixels to three-dimensional voxels was made
early on [Lee and Requicha 1982], enabling a structured geometry
representation that allows for easier computation of e.g. translu-
cent geometry, Constructive Solid Geometry (CSG) or inter-object
intersections, which is usually easier to calculate over volumes
than boundaries. Due to the regular structure and independence
of the voxels as in the 2D case, algorithms have been developed
that take advantage of the highly parallelization possibilities of the
GPU [Crassin and Green 2012; Eisemann and Décoret 2008; Schwarz
and Seidel 2010]. The simplest form of rasterization/voxelization
is point sampling the occupancy at the pixel/voxel centers. This
leads to aliasing artifacts if frequencies higher than half the sam-
pling rate are present. Convolving the signal with a filter reduces
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aliasing, enables the use of the divergence theorem to iterate over
the boundary instead of the volume [Manson and Schaefer 2011]
and allows differentiation [Sun et al. 2024].

For our primal voxelization, we took inspiration from Manson
and Schaefer [2013], as we use a 3D generalization of the scanline ap-
proach that handles overlapping shapes inherently and is optimized
for meshes.

Volumetric Representations in Gradient-based Optimizations. Vol-
umetric shape representations, such as density [Chen and Zhang
2019; Mescheder et al. 2019] or signed distance functions [Jiang
et al. 2020a; Park et al. 2019; Wang et al. 2021; Zhang et al. 2021]
are ubiquitous in modern computer vision and machine learning
pipelines. Conversion between representations is common, but the
prevailing direction is from volumetric to explicit [Binninger et al.
2025; Liao et al. 2018; Remelli et al. 2020a; Shen et al. 2021, 2023].
This is partially motivated by the fact that some operations (e.g.
rendering) or surface characteristics (e.g. developability) are more
naturally expressed on the explicit representation. Accordingly, our
approach follows the inverse direction by converting from explicit to
volumetric representations in a fully differentiable manner. This is
particularly useful for objectives that are more naturally expressed
on the volume, such as resolving collisions during the optimization
of articulated meshes [Hassan et al. 2019; Jiang et al. 2020b; Khi-
rodkar et al. 2022; Xu et al. 2025] or for using volume-based neural
networks on such representations [Maturana and Scherer 2015].

Winding Numbers. The winding number [Mobius 1865] has found
many applications in geometry processing, including mesh booleans
and CSG operations [Zhou et al. 2016], robust tetrahedral mesh-
ing [Hu et al. 2018; Jacobson et al. 2013], surface reconstruction
from point clouds [Barill et al. 2018; Chen et al. 2024; He et al. 2024],
and mesh repair for non-watertight inputs [Attene et al. 2013].

The method of Jacobson et al. [2013], provides a robust general-
ization of winding number that gracefully handles non-watertight
meshes and triangle soups. Barill et al. [2018] accelerated this com-
putation to O(nlog n) using a hierarchical Barnes and Hut [1986]
style algorithm, making winding number queries more practical for
large meshes and multiple queries at once.

Most closely related to our work, Sun et al. [2024] introduced
Gaussian-smoothed winding numbers with analytic derivatives for
surface and sampling point optimization. They solve a boundary
integral for each voxel separately, made practical only in 2D by
approximating the surface using a Barnes and Hut [1986] style
simplification of the curve. Sun et al. [2026] further used Gaussian-
smoothed winding numbers in 3D, to guide the optimization of
offset surfaces. In comparison, our key insight is that by using
a box filter instead of a Gaussian, the regular grid structure of
the sampling points can be exploited, leading to a highly efficient,
differentiable voxelization algorithm without requiring acceleration
data structures.

3 Differentiable Voxelization

Voxelization of a closed surface Q2 in R” can generally be understood
as point-sampling its winding number field wyq (x) € R on a regular



grid

waq (Xi), (2)
where x; € R” is the center of the grid cell, or voxel, with multi-
index i = (i1,...,in)1<i <d; - This perspective aligns with common

intuition: if the surface is intersection-free, the winding number
reduces to the indicator function

Yo () = { ooy )

of the region Q c R" bounded by the surface 9Q. In this case, the
value of each voxel indicates if its center x; is inside or outside of
the represented shape. In the following, we will omit the subscripts
for brevity, such that w(x) means wyq (x).

Our goal is to differentiate the voxel representation with respect
to parameters @ € R™ that govern the surface 9Q (e.g., vertex posi-
tions of a mesh). While the winding number at each voxel naturally
depends on the surface, and therefore the parameters 0, the particu-
lar difficulty is that the winding number field is piecewise constant:
the derivative dgw(x)! is zero almost everywhere on R", so the
derivative at the voxel centers dgw(x;) is either zero or undefined.
Instead, we consider the pre-filtered winding number

w(x) = /R" k(x—x)w(x") dA(X), 4)

where k is a filter kernel. For our particular choice of kernels, this cor-
responds to a smoothing of the winding number field, which leads
to voxel values w(x;) that continuously vary with the surface. In
Sec. 3.1, we will first derive an expression for the derivative dgw(x)
that is valid for general surfaces in arbitrary dimensions. Without
loss of generality, in most of our derivations, we will consider just a
single surface parameter 0 € R for brevity.

The ability to differentiate the voxel representation of a surface
enables gradient-based solutions of optimization problems

0* = arg min E(W), (5)
OeR™
where E is some energy, or objective function, taking the voxel grid
W e RO%Xdn with W; = w(x;), as input. Sec. 3.2 investigates the
steps required for such optimizations, in particular how to compute
the smoothed winding numbers w(x;) and their derivatives dgw(x;)
in the general case.

We make the key observation that restricting the setting to one
of the most common cases — piecewise linear surfaces with box
filters — allows highly efficient voxelization and differentiation. The
respective algorithms are introduced in Sec. 3.3.

3.1 Derivatives for General Surfaces in R"”

For the 2D case (n = 2), Sun et al. [2024] differentiate Eq. (4), as-
suming that 9Q is a piecewise linear curve and k a Gaussian kernel,
by locally decomposing the winding number into Heaviside step
functions. We find that Reynold’s transport theorem [Reynolds et al.
1903] enables a simple derivation for general surfaces in any dimen-
sion. This takes inspiration from differentiable rendering [Zhang

'We use 9 f as shorthand notation for %‘
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et al. 2019], where similar integrals have been differentiated to opti-
mize scene geometry using image-based objectives?.
Consider the derivative of Eq. (4) for a surface parameter 6 € R:

dgw(x) = 9y /]R" k(x-x)w(x) dA®X). (6)

It is incorrect to simply “differentiate under the integral” because
the integrand has discontinuities in R” that move with 6: the wind-
ing number w is piecewise constant, and the constant regions are
bounded by subsets of the surface 9Q. In our case, the winding
number field is also the only source of such discontinuities, even if
the kernel is discontinuous, because 0 only affects the surface and
neither the kernel nor shape or position of the voxel grid.

The general idea is to partition the domain into those regions
D; c R" with constant winding number w;

:Zae '/Di(g)k(x—x)widA(x). @)

Since the region boundaries are subsets of the surface, they depend
on 0. Applying Reynold’s transport theorem splits the differential
integral into an interior and a boundary term:

Interior

=Z/ dpk(x—x)w;| dAKX) 4
; D;\oD;

Boundary

/ o) Kx = xp)wi dexs) . ()

aD;

The boundary integral is over region boundaries 9D;, where n;
is the outward-pointing normal and angni measures the normal
velocity of the boundary point x; — its variation with 6 in normal
direction. The interior integrates the derivative of the integrand,
which vanishes because the integrand is independent of 6. Therefore,
the derivative simplifies to the boundary term:

=3[ o) ko= dec). ©)
i aD;

Unfortunately, the region boundaries dD; are unions of not nec-
essarily connected subsets of 9Q, which are difficult to construct
explicitly if the surface has self-intersections. However, as we will
show, this sum of integrals can be simplified to a single integral
over the surface 0Q that is independent of winding numbers.

Special case: intersection-free surfaces. Before we continue with
the general case of possibly self-intersecting surfaces, consider the
simplified case without intersections for an intuition. We only dis-
tinguish two regions in this case: (1) the inner region D; = Q
representing a solid shape bounded by its surface dD; := 9Q where
the normal n; := n aligns with the normal of the surface n; and (2)

The given setting has two key differences to differentiable rendering: (1) the interior
term of the derivative vanishes, leaving only the boundary term; and (2) the discontinu-
ity points are not object silhouettes (i.e., subsets of the surface), but the entire surface,
which is trivial to sample.
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Fig. 2. We can differentiate voxelizations, i.e., point-sampled winding num-
bers, for arbitrary surfaces. This example shows piecewise linear surfaces
and circles in 2D. Our derivatives match the finite difference reference. This
example uses Monte Carlo integration and a box filter of diameter 3.

the outer region D, := R" \ Q with the same boundary 9D, := 9Q
but inverted normal n, := —n. Then Eq. (9) simplifies to

9Q without self-intersections

!
degw(x) = -/a.Q 8gx2n k(x—xp) ( Wi — wy )de(xp), (10)
~—— ——

=1 =0
since the winding number reduces to the indicator function for
intersection-free surfaces (see Eq. (3)).

General case. We now consider the general case of possibly self-
intersecting surfaces. First note that the surface 0Q separates regions
with piecewise constant winding number by definition®, so let D ;
denote the shared boundary between D; and D;. The union of shared
boundaries is therefore simply the boundary itself

oD; = U aD;;. 11)
J#i
Splitting the integration domain in Eq. (9) into shared boundaries
gives
o0 =YY [ dexmilo) kx - xwide(x). (12
i j#i Y9Dij
Note that the shared boundaries are a double cover of the surface
0Q: Each part is considered twice, once as dD; ; with normal n; and
once as dDj; with normal n; = —n;. Without loss of generality,
assume that n; aligns with the surface normal n on D; ;, then we
can write the integral as

= Z / agx;n(xb) k(x —xp)(wi —wj) de(xp).  (13)
aD;; ¥ 9Dij

Since w; = w; + 1 by definition of the winding number, we have

() = [ doxfntes) kx—x) dea) (19

which is a surface integral independent of winding numbers. This
result is the same as that for non-intersecting surfaces (c.f. Eq. (10)).

3.2 Optimizing with Integral Estimators

Computing the gradient dpE to solve an optimization problem in-
volving the voxel grid, as in Eq. (5), boils down to three steps: (1)

31If the self-intersection has non-zero measure on the surface, the intersection creates a
zero-volume region D; with proper winding number.
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estimate the smoothed winding number field w at the voxel centers
x; with Eq. (4), (2) evaluate the energy E to compute the adjoint

winding number ‘”i 5 for each voxel, and (3) estimate the gradient

aw(

0pE = Z %59‘3’(&) (15)

as product of adjoints and winding number derivatives with Eq. (14).
Steps (1) and (3) are unique to differentiable voxelization, and
both require estimating integrals as shown in Sec. 3.1. Since we have
so far not made any assumption about the surface 9Q, the kernel
k, or the dimension, we will briefly discuss possible integration
strategies for the general case (see Fig. 2 for results). For the most
common case in practice — piecewise linear surfaces in 2D and 3D -
we introduce a highly efficient closed-form algorithm in Sec. 3.3.

Smoothed winding number field. The smoothed winding number
at voxel centers w(x;) can be evaluated by estimating the integral
in Eq. (4). A straightforward approach would be quadrature on R" —
which, however, is prone to aliasing — or Monte Carlo integration. As
a simple baseline, we have implemented a Monte Carlo estimator of
Eq. (4) that uses stratified sampling with sub-voxel strata. The appeal
of these direct approaches is that they can be trivially parallelized
and use established rendering techniques because (1) samples in a
voxel affect only their local neighborhood in the grid if the kernel
k is (approximately) compact, and (2) the winding number can be
computed by counting signed ray intersections with the surface,
using a single ray in any direction.

The winding number computation can easily become a bottleneck
in this approach. Sun et al. [2024] prove* that one can eliminate the
winding numbers from the integral by transforming Eq. (4) into a
surface integral using the divergence theorem:

(x) = /a FL o) deCo) (16)

where Fy is a vector field that satisfies V - Fy(x') = k(x — x'). It
seems appealing to estimate this integral by simply sampling the
boundary and assigning the respective sample contributions to all
voxels where Fy, (x5) # 0. However, this leads to visible “bar”-shaped
correlation artifacts in the voxel grid, which is in line with what Sun
et al. observe in preliminary quadrature experiments for the 3D case
[Sun et al. 2024, Fig.14]. In 2D, their alternative is an artifact-free
closed-form solution of Eq. (16) for Gaussian kernels. We derive a
similar closed-form solution of Eq. (16) for piecewise linear surfaces
in 2D and 3D (see Sec. 3.3). For the general case, we believe that
more effective Monte Carlo estimators of Eq. (16) can be derived,
but this is left for future work.

Differential integral. The gradient dyE is obtained by evaluating
the product #&i)&gﬁv(xi) for each voxel center x;. This amounts to
estimating the integral in Eq. (14) with the adjoint \j(f):( 3
side of the integral. Similar to the winding number integral (Sec. 3.2),
we have implemented a simple Monte Carlo baseline for the deriva-

tive of general kernels and shapes. The derivative is localized to the

moved in-

4Their setting is the 2D case, but the proof generalizes to arbitrary dimensions.
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Fig. 3. The winding number field w of a surface depicted in the left-most
box is the sum of the four patch-wise contributions w;. Each w; defines for
every point in space how often the patch p; (blue) is intersected in direction
+d. As the ray intersects the patch at most once, wj is piecewise constant
and either —1,1 or 0 depending on the normal relative to the ground plane.

surface 9Q for (approximately) compact kernels k, so we “splat” con-
tributions of surface samples into the voxel grid instead of solving
the integral for each voxel separately.

3.3 Efficient Closed-Form Integration

While the evaluation in the general setting may require appropri-
ately adjusted quadrature schemes, we notice that certain restric-
tions on the kernel and the surface representation simplify matters
and lead to a very efficient algorithm - in particular for the prac-
tically relevant case of box filters and simplicial meshes. In this
section, we will assume the 3D case. Given the explanation in 3D,
the two-dimensional case or higher dimensions should be clear.

Winding numbers for piecewise surfaces. We begin by recalling
and formalizing important established properties of the winding
number [Griinbaum and Shephard 1990]: The winding number w(x)
at position x can be computed by summing the ‘signed intersections’
between the surface dQ and a single ray from x into an arbitrary
direction dy: starting from zero, the winding number increases by
one if dIn > 0 and decreases by one if dIn < 0, where n is the
surface normal at the intersection. If we consider a division of the
surface into patches p;, these intersections can be computed patch-
wise meaning the winding number at position x is the sum over all
patch intersections:

w(x) = sgnlnt(x, dy, 9Q) = Zi sgnint(x, dy, p;) = Zi wi(x, dy),

17)
where sgnlnt(x, dy, 9Q) is the sum of ‘signed intersections’ of the ray
x + tdy, t € R and the surface 0Q, which is divided into patches p;,
where p; C 9Q is an arbitrary disjunct patch division (p; N p; =0
for i # j) of the surface 9Q = |J; p;. This results in a ‘signed
intersections’ (or winding number contribution) field w;(x, dx) per
patch. The idea is now to define a direction dy per point x in space
and a patch division that allows us to compute w; efficiently.

We make two choices: (1) we set dy to be constant; and (2) assume
that each surface patch has at most one intersection with any ray
in the direction d,. This is true, importantly, for triangles®. Given
the observation that now w; changes along a ray in direction dy
only at an intersection with the surface patch p; from —1 or 1 to
0 and is 0 everywhere else, we see that w; is piecewise constant
and either —1,1 or 0. A complete example is depicted in Fig. 3. For
efficiency reasons, which we will describe later, we actually define

5 Apart from degenerate cases, which can be ignored because their contribution will
later become zero.
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two different directions d and —d, pointing in opposite directions,
divided by a ground plane such that the direction in each half-space
is orthogonal to the ground plane and points away from it.

Box filtering on voxel grids. So far, we considered the winding
number and not the filtered winding number. If we restrict the kernel
to a box filter aligned with the voxels, the sample values for the
voxels taken at their centers become:

W(xp) = / box(x; — x')w(x') dA(X') = —— / w(x') dA(X),
R” |Dxi | Ox;
(18)

where |0y, | is the volume of the voxel (i.e., of the box filter) and

1; 1;
Dxiz{y|xi’j—éSyj<xi,j+E],j€[l,,..,n]}, (19)

where (-); is the vector entry in dimension j and 1is the vector with
the side lengths of the voxel. So w evaluated at the voxel center is
just the average winding number inside the voxel.

If a patch does not cross the ground plane, the corresponding w;
takes only two values: 0 and either 1 or —1. In this case, we can inter-
pret w; as the winding number field of the oriented shadow surface
of the patch. The shadow surface bounds the shadow solid, which is
the region between the patch and its ‘shadow’ — the (orthogonal)
orthographic projection onto the ground plane (c.f. colored area in
Fig. 3). The orientation of the shadow surface is consistent with the
patch normal and determines the sign of the shadow solid volume.
Substituting Eq. (17) into Eq. (18) shows that we can compute the
average winding number inside a voxel by summing over all av-
erage winding numbers of all shadow surfaces. This is simply the
signed volume of the intersection of the shadow solid with each
voxel, divided by the volume of the voxel.

Computation for a triangle mesh. Assuming the surface is a tri-
angle mesh, the general idea is to compute the intersection of each
triangle with all voxels and re-triangulate the resulting polygons.
This results in new sub-triangles that are fully contained within
a voxel. If the ground plane is aligned with the voxel boundaries,
no sub-triangle will cross it, making the shadow solid perspective
applicable. As the shadow solid of each sub-triangle is a truncated
prism that covers only voxels within a column of the grid, the signed
volume of the voxel intersections can be easily computed:

(1) Choose a ground plane such that d is aligned with one of the
grid axes and represent all points in this coordinate system.
W.lo.g., set (x,y,0) as the ground plane and d = (0,0, 1).

(2) For each triangle, compute the intersection with the voxel
grid. This gives convex polygons with degrees between 3 and
9 that are each fully contained in a single voxel (i, j, k). Each
polygon is further triangulated into sub-triangles by fixing a
vertex and walking over the edges not incident on that vertex.
This results in up to 7 sub-triangles per polygon.

(3) The non-zero contribution of each sub-triangle needs to be
distributed to the voxel (i, j, k) and all the voxels below, down
to the ground plane at (i, j, 0).

(3.1) The contribution to voxel (i, j, k) is the signed volume of the
shadow solid, minus the contribution to the voxels below.
The signed shadow solid volume is the signed area of the
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Fig. 4. Given a polygon, the integrated winding numbers in each voxel are updated whenever a simplex intersects a voxel above the voxel. The volume of the
intersection of the signed shadow solid volume (green for positive and red for negative contribution) and a voxel (small boxes) can be computed as described
in Sec. 3.3 and added to the value of each voxel, resulting in an update of all voxel values ‘below’ the simplex segment. Therefore, the integrated winding
number of all voxels in the highlighted grid column can be computed as the sum of ‘shadow’ contributions of the five blue segments.

shadow of the patch on the ground plane - the signed area
of the triangle ignoring the third coordinate — times the aver-
age height of the triangle over the ground plane - the third
coordinate of the centroid of the sub-triangle.

(3.2) The contribution to each voxel below (i, j, k) is the signed
shadow area times the side length of each voxel in direction
d. This can be done efficiently for all voxels in a process very
similar to the scan-conversion of primitives.

Fig. 4 visualizes this process in 2D. This algorithm is a special case
of the scanline algorithm of Manson and Schaefer [2013] extended
to 3D, who show that this method can also be extended to other
filters. A pseudo-code with a ground plane at the bottom of the
voxel grid is provided in the supplementary material.

Acceleration. In practice, we use a ground plane at the center of
the voxel grid, which halves the average distance of voxels to the
ground plane and reduces the number of write operations for meshes
where most triangles are near the ground plane. Alternatively, it is
possible to first gather the downward contributions of each voxel
and then distribute them downward in a second pass.

Derivatives. Given the grid-sized box filter, by Eq. (14), the deriv-
ative of the winding number at the voxel centers is

dpgw(x;) = /aQ agx;n(xb) box(x — xp) df(xp) (20)

1

angn(xb) de(xp).

(21)

|Dxi | HQﬂDxi

For a piecewise linear mesh where all triangles ¢; are entirely within
the voxel (¢; = t; N Oy), this reduces to

- 1 1
Aw(xi) = —— Z Z gagva n;, Area(t;), (22)

|Dxi| ti Vj€t;

where v; are the three vertices of the triangle ¢;. This is because the
normal vector ny, is constant over the triangle and the derivative
of the surface over a triangle with respect to the vertices (dyxp) is
a linear function, going from 1 at the respective vertex to 0 at the
opposite edge, making it integrable by taking the center of mass
of the triangle times its area. If we now assume arbitrary triangles,
possibly spanning multiple voxels, we can divide each triangle into
sub-triangles s; € (t;N0Oy), as described above. According to Eq. (22),
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we can compute the derivative explicitly by

Z Z Z %%WZnﬁ Area(s;).

(9Q5¢;)N0Ox; s;€(4iNOx;) WEES;

g w(xi) |0 |
(23)
The three vertices wy of the sub-triangle s; are expressed as lin-
ear combinations of the original triangle ¢; vertices (v; in Eq. (22)),
ensuring the dependence on 6. Therefore, the derivatives can be
computed using the same structure as the voxelization algorithm,
without the downward contribution, if we represent the triangle-
voxel intersections in barycentric coordinates. This can be seen by
comparing the voxelization pseudocode Alg. 1 with the differentia-
tion in Alg. 2 and Alg. 3 in the supplementary material.

Box filters of different sizes. The box filter can be larger than a grid
cell. The Monte Carlo implementation Sec. 3.2 handles this out-of-
the-box (see Fig. 2). For the closed-form integration, one can apply
another discrete filter to the already box-filtered winding number,
as computed above. If the second filter is again a box filter, the
composition of voxelization and discrete convolution is equivalent
to using a single box filter with integer-scaled support.

4  Evaluation and Applications

We implemented the algorithms using C++ with Python bindings
for PyTorch [Paszke et al. 2019]. We will first start by investigating
the performance of our approach and comparing it with another
differentiable voxelization technique. Afterwards, we demonstrate
the versatility of our differentiable voxelization with applications
for self-intersection resolving (Sec. 4.2), optimization for bandsaw
cutting (Sec. 4.3), and space tiling using shapes in R* (Sec. 4.4).

4.1 Evaluation

Runtime. Computation time is a limiting factor for many volumet-
ric representations, as the number of voxels grows cubically with the
number of voxels in each dimension. We measure the computation
time of our implementation in 32-bit floating-point precision on a
12th Gen Intel Core 19-12900K, for both the voxelization and the
backward-mode gradient computation. We tested multiple meshes
with different numbers of faces on grids between 163 up to 10243 vox-
els, by averaging the execution time over 30 runs per mesh and grid
size (Fig 5). Even though the implementation is not fully optimized
(for example, it is not parallelized), the computation times stay below
a second even for meshes with more than 100, 000 faces on 10243
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Fig. 5. For high grid resolutions (up to 1024 voxels in each dimension),
the runtime stays below a second even for meshes over 100, 000 faces for
voxelization as well as the gradient computation. All timings are averaged
over 30 repetitions and were computed on an Intel i9-12900K CPU. The
number of faces is shown in parentheses.
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Fig. 6. Luo et al. [2024] propose differentiable voxelization by automati-
cally differentiating through a (non-smoothed) winding number (DOPH).
Since the winding number is piecewise constant, the derivatives of their
voxelization are zero if computed numerically with finite differences (FD),
and their automatic derivatives are only spuriously non-zero very close to
the surface. In contrast, our technique (DVX) is based on the smoothed
winding number, which leads to expected numerical derivatives that match
our results exactly.

voxels. This makes it practical for optimizations with many gradient
descent iterations. Interestingly, the overhead of the David mesh
for low-resolution grids disappears for larger grid sizes. The reason
for this is likely because the number of intersections needed to be
computed for low-resolution meshes increases cubically, whereas
for the David mesh it remains constant, since the triangles are typi-
cally contained within a voxel. It is very likely that, for even finer
voxel grids, the David mesh will perform worse than simple meshes
again.

Preliminary experiments with a naive GPU implementation in-
dicate significant potential for performance improvements by ex-
ploiting parallelism (speedup of 3.6X for voxelization and 14.5% for
gradients, for meshes with more than 100, 000 faces on 1024 grids).
We leave an optimized GPU implementation for future work.

Comparison with DOPH. Differentiable voxelization of surfaces
has been attempted in previous work by Luo et al. [2024]: They
point-sample the non-smoothed winding number w(x;) and use tri-
linear interpolation to get a smooth result. The derivative is then
obtained with automatic differentiation. This approach corresponds
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3
Optimized

Input

Fig. 7. Differentiable voxelization allows resolving self-intersections by an
ARAP deformation of the input shape.

to “Discretize-then-Differentiate” [Bangaru et al. 2021], which is
known to produce incorrect derivatives: Since the winding num-
ber is piecewise constant, the derivative of their voxelization is
zero almost everywhere. Our approach (Sec. 3) is based on point-
sampling the smoothed winding number field w(x;), which leads to
the expected derivatives (see Fig. 6).

4.2 Self-Intersection Resolving

Given a winding number, it is easy to detect self-intersections where
multiple parts of the same surface overlap: these are all positions
where the winding number is larger than one. Self-intersections may
appear due to insufficient sampling of parametric models or as a
result of many geometric optimization methods that do not penalize
self-intersections such as ARAP surface deformation [Sorkine and
Alexa 2007]. While Sun et al. [2024] showed that their method is
suitable to resolve self-intersections for planar curves, our method
can be used to resolve self-intersections for surfaces in R3.
Starting with a voxelization W € R¥*4*9 of resolution d of a
triangle mesh (V, F), we use an energy functional that penalizes
voxels with a value higher than one: Eget = Zwijk>1 W?jk. Due to
numerical errors, it is advisable to filter values Wjx > 1 + € instead
(for small € = 0.001) as some values of W can be larger than one.
Optimizing Es..t using gradient descent resolves self-intersections
in the input mesh. To prioritize rigid deformations of the input, we
regularize the self-intersection energy using the as-rigid-as-possible
(ARAP) energy E = Egect + @Eqrap [Sorkine and Alexa 2007] as it is
often used as regularization for surface deformation [Bouaziz et al.
2023; Dinh et al. 2025; Huang et al. 2021; liu and Jacobson 2019]:

n
Eurap(V) = min Z; ( ‘kz willen —RielP (29)
Jk)eN(D)

where N (i) are all spokes and rims half edges ez = vi — v; for
vertex i in the meshes [Chao et al. 2010]. Note that this energy is
fully differentiable, and optimal rotations R; between vertex stars
can be found by singular value decompositions (for further details,
we refer to Sorkine and Alexa [2007]).

We minimize the regularized self-intersection energy with a =
0.005 by gradient descent using the Adam method [Kingma and Ba
2017] and a learning rate of 10~2. The optimization is iterated until
all voxels with Wjx > 1 are resolved (Fig. 7).

This experiment demonstrates that differentiable physical simu-
lations that require cumbersome collision detection [Cleac’h et al.
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Fig. 8. Left: Wooden figure that was created by cutting along handmade
cut silhouettes [Gauthier 2019] (used with permission). Right: The cut out
surface is defined as the intersection of extruded silhouettes.

2023; Qiao et al. 2020] could benefit from our fast differential col-
lision detection and resolution. Note that self-intersections are re-
solved only approximately. There may be intersections in half-empty
voxels that are not penalized by Egt, as the energy only integrates
the winding number over the entire voxel. Due to volume inver-
sions, the winding number may also be negative. This could hide
self-intersections in the optimization objective.

4.3 Shape Deformation for Bandsaw Cutting

Cutting objects from wooden blocks using orthogonal cutting
directions restricts the space of shapes that can be created by sawing.
For example, it is not possible to create certain types of concavities
or surfaces with normals that are not orthogonal to at least one cut
direction. Every cut out surface is defined by a set of silhouettes,
one for each cut direction. Gauthier [2019] offers such handmade
cut silhouettes that result in beautiful wooden figures as depicted
in Fig. 8 (left).

A naive way to cut a given object is to directly use its silhouettes
in x, y and z direction for sawing. This often leads to shapes that
strongly differ from their initial shape due to material that is not
removed but does not belong to the input shape (Fig. 10, top row).
Our idea is to find small deformations of the input that make the
shape more cutable but also preserve its overall shape.

We use a triangle mesh with vertices V and face indices F as
input and compute the voxelized shape W € R?¥9*?_ We generate
rasterized filled silhouettes Sy,S, and S, € Rdxd using the mel-
lowmax operator [Asadi and Littman 2017], specifically (Sx);; =
1/wlin(1/d ) exp(wWy;;)). For w — co the mellowmax converges
to the maximum of the elements. We use w = 1000. The gradient
of the mellowmax is the softmax. If multiple voxels have the same
value, then they contribute equally to the gradient.

The voxelized cut shape S € R?*9*? js then given by product
of the extruded silhouettes, i.e., S;jx = (Sx)jk (Sy)ik (S2)i; (Fig. 8,
right). The cut energy that measures the squared voxelized volume
differences between the cut shape and the voxelized input is: E¢,,; =
= Zijk(Sijk = Wiji)?

In Fig. 9 we visualize the steps to compute the energy function
E s Note that W contains winding numbers that are greater than
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one for self intersections. This intentionally penalizes self intersec-
tions that require additional volume. The final energy is the cut en-
ergy regularized by the as-rigid-as-possible energy E = Ecy; +@Eqrap.
The parameter a weights between the additional volume and the
deformation cost. We minimize the energy with a = 0.05 by gradi-
ent descent using the Adam method [Kingma and Ba 2017] with a
learning rate of 1073

We limit the resolution of the voxelization to d = 128. When cut-
ting a wooden block of 10cm?, this gives a resolution of < 0.8mm?,
which is below the precision of many standard bandsaws.

In Fig. 10 we show various meshes optimized for improved band-
saw cutting. These deformations preserve the overall meaning of the
shapes, but substantially improve the cut object when compared to
the naive cutting strategy without deformation. We demonstrate the
‘cutability’ of the generated surfaces by cutting various examples
out of wood with a bandsaw and out of polystyrene foam with a
foam cutter (Fig. 11).

To quantify the improved volume difference, we applied the op-
timization to the TOSCA data set [Bronstein et al. 2008]. For each
optimized mesh, we compute the relative volume improvement be-
tween initial voxelized cut shape and cut shape for the voxelized
optimized shape. We also compute the Hausdorff and mean surface
distance between the initial and deformed triangle meshes using
METRO [Cignoni et al. 1998] to quantify the deformation (Tab. 1 in
the supplementary material).

4.4 Space-filling Shapes in R®

Inspired by the tessellations of M.C. Escher (see Kaplan and Salesin
[2000] for comparable examples), we can use differentiable voxeliza-
tion to generate space-filling shapes in R>. Given a set of shapes,
the goal is to find a deformation such that the voxelized shapes fill
the entire space without overlapping. Escher created his tilings by
drawing textures for various known tilings such that the textures
connect continuously with adjacent tiles. The textures contained
figures of one or more animals that are repeated within the texture.
Based on this idea, we optimize repeated shapes in a cube such that
shapes at the boundary of the cube continuously connect to shapes
on the opposite boundary. All shapes inside the cube should be iden-
tical, up to translation and rotation, and all repetitions (instances)
of a shape should be similar.

For practical applications, this can be seen as instance of a packing
problem. The goal is to find a small deformation for a given shape
that maximizes the number of shapes that fit into a domain.

Outputs of the optimization are the deformed vertex positions for
each shape, as well as a translation and rotation (parametrized by
yaw, pitch and roll) for each instance of a shape. For initialization, we
randomly position each shape multiple times inside the cube such
that each mean of vertices is inside [— %, %]3. We refer to this cube as
tiling cube, which can later be repeated to fill R3. This initialization
might cause some shapes to stick out of the tiling cube. The idea is
that everything outside should enter the cube on the opposite site
to create a space-filling that is a continuous transitions between
opposite sides of the cube. To achieve this, we voxelize the entire
[-1,1]3 cube for each mesh j using the differential voxelizer on a
voxel grid C; € R¥@*d This [~1, 1] cube is split in 3> = 27 smaller
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Projection Cutting
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y

Fig. 9. The energy E.,; measures the volume difference between the deformed mesh V and the deformed cut out shape S. Larger vertex distances of the
deformed mesh V to V are shown in red (left). W is the discretized shape of V where yellow voxels have high volume and green voxels have low volume. Voxels
with volume lower than 1072 are hidden. W is projected to the silhouette shapes S, S, and S that are used to generate the cut shape S. For visualization of
the volume difference (S — W), we highlight all voxels in red that are part of the shape S;jx > 0.5 but not in W > 0.5.

Without optimization

Optimized

Relative
Improvement

Fig. 10. When optimized (bottom row), much more material that does not belong to the actual shape can be removed by cutting, when compared to the
cut-out shape for meshes without optimization (top row). All voxels of S;;x > 0.5 that do not belong to W;;x > 0.5 are highlighted in red. The color of
the optimized triangle meshes shows the difference to the initial meshes. Gray voxels are part of the voxelization of the triangle meshes and red voxels are
additional voxels that are not removed by cutting. The relative improvements denote how much unnecessary material of the initial meshes can be removed
with the optimization (1 — Ecys (V) /Ecyr (V). Minimal deformations, such as straightening the fingers of the hand or adjusting the tail and ears of Tweety
and Bunny, significantly improve the shapes’ cutability.

cubes Cj; € RY/3%d/3%d/3 of side length 1 (Fig. 12, left). The sum of
all splitted cubes }}; Cj; gives a repeatable tiling for each shape. We
optimized the differentiable energy that measures the coverage of
the space by summation over all shapes and splitted cubes };; Cjs:

2
Eqn = ( c ) -1 .
fill Z ( Z Ji Kim )
klm ij

This energy becomes zero when each voxel in the tiling cube is
fully covered by one shape without self intersections. For the final
energy, we again use the ARAP energy E,r,p as regularization: E =
Eqn +«a Zj Earap (Vj)-

Note that in practice Earqp only needs to be computed for each

Fig. 11. We test the ‘cutability’ of optimized cut shapes by cutting various class of shapes once in each iteration. We minimize the regular-
optimized shapes using a bandsaw (left top and bottom) and a polystyrene ized energy by gradient descent with a = 0.005 using the Adam
foam cutter (bottom right). The references for the cut shapes are at the top method [Kingma and Ba 2017] and a learning rate of 1073

right. We use a resolution of d = 192. When split into multiple cubes, it

creates a tileable cube with a resolution of d/3 = 64. The stopping
criterion is reached when the change in all vertex positions is less
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Fig. 12. Differentiable voxelization can be used to optimize tilings in R® to periodically fill the space. Left: Tiling procedure for a single shape instance. Right:
Each row belongs to one optimized packing. The packed meshes (first column) can be repeated along all three axis to fill the space. The packed meshes are
composed of one or more deformed meshes that are all similar (within a class of animals). When voxelized and repeated in all dimensions, the packing fills R®
(third column). The last column shows the interior of the space filling voxels by hiding some instances (for the space filling for multiple animal types with

some hidden instances, all Tweety birds are shaded in reds and all Spots are shaded in blues).

than 1073, We optimize a tileable cube filling with 27 Spots (Fig. 12,
right side and top row) and 27 hands (Fig. 1). We also experimented
with two meshes, Tweety and Spot, to optimize a tileable cube filled
with 14 Tweety birds and 14 Spots (Fig. 12 right side and bottom
row). Although the meshes do not fill the entire volume and may
not be intersection-free, the experiments show near tileable results.

5 Discussion and Future Work

There are operations for which the regular grid structure signifi-
cantly simplifies the computation. Nevertheless, surface representa-
tions are often the more prevalent representation in comparison to
volumetric grids, and many methods specifically rely on triangular
meshes, including the classical ARAP energy. This work transfers
the simplicity of many problems that can be solved on voxel grids
to common explicit surface representations. Optimizing cut shapes
(Sec. 4.3) or space-fillings in R* are non-trivial and challenging
problems and we are unaware of any other methods apart from
voxelization that could handle these problems.

Differentiable voxelization opens many possibilities for applica-
tions that benefit from voxel grids, which we could not cover in the
application section (Sect. 4). This includes (1) applications in CSG,
as intersections, differences, and unions of shapes are particularly
simple to compute on grids. Morphological operators (2) can also
be easily formulated on grids. Differentiable voxelization provides
a method to differentiate through these operations back to a trian-
gular mesh. This might inspire further applications for thin shell
modeling. Many applications in machine learning (3) benefit from
grid structures. This opens the possibility of directly comparing
shapes in R® in a simple differentiable way, instead of relying on
image-based losses for shapes in R? [Yuan et al. 2024].
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Interestingly, the inverse problem of generating a surface mesh
from a voxel representation has been solved many times using dif-
ferentiable algorithms [Remelli et al. 2020b]. However, our direction
has not received much attention. Closing this loop efficiently en-
ables the generation of self-supervised optimization to improve
algorithms anywhere within the loop.

Besides applications that could benefit from differentiable vox-
elization, we see several possibilities to decrease computation time
by parallelization. Although this work focuses mainly on triangular
meshes, this approach can be further extended and evaluated for
more surface representations or different smoothing filters that are
fast to integrate, such as polynomials [Manson and Schaefer 2013].
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