Localized solutions of sparse linear systems for
geometry processing

Philipp Herholz, Timothy A. Davis, Marc Alexa



LInear solvers In geometry processing

 Many applications require repeated solutions of linear systems.
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Discrete conformal parameterization

A Is typically:

sparse

* SYymmetric

e positive semi-definite




Cholesky factorization

A Is typically:
e gparse
* SYymmetric

e positive semi-definite

Sparse Cholesky factorization can be applied!




Cholesky factorization
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Cholesky factorization

Ax=Db
LDL x=b



Cholesky factorization

Ax=Db
ILDL'x=b
—



Cholesky factorization

Ax=Db
LDL'x=Db
—

Y

LDy = b (1)Forward solve
L' x =y (2)Back solve



Cholesky factorization

Ax=Db
ILDL'x=b

b (1)Forward solve
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| ocal discrete conformal parameterization
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| ocal discrete conformal parameterization

A=A

A, = LDL'



| ocal discrete conformal parameterization
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| ocal discrete conformal parameterization
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| ocal discrete conformal parameterization
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Contribution

e |dea: Reuse a global factorization: A
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Contribution

e Question: Can we quickly compute subset of solution”?

— LDL?

A




Sparse solution vector

LDy = b (1)Forward solve
L' x =y (2)Back solve

e X Will generally be dense.

* Central insight: If we are interested in only a subset of values in X we do
not have to compute all values during the lback solve!



Sparse solution vector
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Sparse solution vector
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 How many values do we have to compute additionally?

o Can we identify them efficiently?



Sparse back-solve
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Sparse back-solve
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Sparse back-solve




Sparse back-solve




Sparse back-solve




Sparse back-solve




Sparse back-solve




Sparse back-solve




Sparse back-solve




Sparse back-solve




Nested dissection reordering

Input Mmesh Ordered Laplacian




Nested dissection reordering

Input Mmesh Ordered Laplacian




Ordered Laplacian

Ne |
sted dissection reordering

CRXAR
a¥Ve')
VL STAY sraw AV 1NN

a2 LY,
o A Y%)%
P Q" O.Q\‘Avn w'l

I\

Mool DRI

Bovat avay Ya* a9, v 8,
(\J (\/

SN

ST AR
.u..wﬂuu«..auw.:..:.b.
- X0 D‘b‘sh‘\ﬁcﬁcvl‘-
ALk
R 2NV IR DTORKR
oS, AT A7\ \
w.«v»c%\%m\:eéwam.. AARER
07 % bﬂvﬂ.»nuvu “ A»dnacvﬁ.eun. K AVawrava SO 4...!4-1’4'4'404 ﬂw)vﬂmwsuhﬂnouw...mﬂ\mm v
SRR nsm...mu,m.&...wu%?ﬁ u."....w....u.w.w.mw»ma@smww«.“mmﬁa"..«.w?.mm.w.
PN ARG PN D Y \J ¥ M N\D¥ a® ¢l 5\ QW AN 25 7 N 9 7 O e,
ALK av V20550, DSl o AVaway, Y% IO AR KISPKAIX S %% RN K AIK e
’4’4&4-‘5‘ A Y ) RSSO V%> 4% a v (N> A (DAL 2% 7w N’z -04740 /D N B \Va) o SN AT .vbl'b\\vad «'\v v
S A0 ATNEAASY IKESITAC D D % RN ISR LR 28 V% TN &\ A«rr\k ct\c.-s\ N
v o % AT S e 2, 9200 O /\/ 2/ PN pTae o RGN <) o\, 0% AN "« 7", p 4% ¢ », 9%
AN qssm..».ax\é. ASKAHSAY s N s Z\,\% DX O AYAY 2% LSRR N
&wm«\.&auw ARG XN ia%avaera e N varav, 74125 N % AN A IREASK PRI
S D W, oD, 722\ KIDALRK e S vav, s 2N
vtallvaf.ﬁv.vc\u A »n‘\v\\,‘\v avy Av.vscuv )% a7 XK ARANAILHR IR o e %aNs ATNIANFY Q
AT TR NI/ \bﬂ%"hi Y S KN NI AN XN a2 g/ %r‘"“‘ % & A‘v‘i\s\\lﬁ" ﬂv" [\D
' " "" "Q' A> “."' 7/ ) /D 2°4) ‘§¢ ‘ \ / " [ RCINL/ 4 " ."’I P LD () % "\ w52 Q¥aY, /\ """ N ,"' e Y,
SISO VK SO LN DA KNG ARK/D Y% ZAX R %% NS e »vl&url.....q AIZSASAR =
KA SR VARISX K DRRAIHANK (RN a9 < OISO P RN %
e~ v)«'ﬂcal_avl.aﬂcoaaéﬁt 'Vu«s.\\(’“\sb‘bc\ nvtu-bsbv;\\ = VaV. n»)‘.&rl\dnvv
vn..'av.'.v%.' R ﬂr EANID R AN AN VAN (NI 2 avavs’s SV, 8
AR o977 AN 01 RA s AQAZISN A\Ix\lt‘\ RKINDAK Q. S Aale, eqv AT A %), (a i
sra\Paval ar T ¥, S PO AIZIN X DX RS GRS S
REDORKY SCONAKZ SN SENOAASK AN Ara vyt AT HEDORERS
'LP"‘/‘?AVA» A7 AN )c.h"‘\'(&ﬂ\h»ﬂ b AVaNAVs Y SO AIGN ava\ A, N\
N e v A\s-ltqv SINASIH % V.29 OEK\/ av‘..cscnﬂ a7 o-t."cr WA 4%\ av
AT KRS KRS /SRR NISCD na%5caY2 SN PRICINEING DN ORNSK D
A\, AAZAL T OOSTAR XKIRRR R AT NS NEIR0 2%, KN
RIS OO NKISETRS S N2\ OIS PR ADRN QD
c'qv.dvavc'nq)all» ALY K\ RN D DRI KD AR K ’Jvd'AVlI"A'A? AL
ORNA ,a'.@.st.u KRN DK N SORRI AOR MO IRV v \Vav,
TRSEED RPN RNDERIIRY 35'@&'\'9%\«..\ AN IINEDRE RIS PRESEFHIOR
Aran .y INSERNKD ) oc.»J\ ORISR v Do, AVSTAvaZ(\N. Tt DB TG KNDOES) 7 %) AV~
SV SOOMER @ 2% AN S Y AONATINNDE NN YA T LD SOSIAAIN N RIS
QRIS > KA CRRY DK I\ 2L 'Q'I/v POASIIASY QAN A%VS AN S
5% S a7, PR NKIAD] P 2% KZNNK S AR ASI (R Y LAY, AN NS\, PN
<Déo 7 DO = QKA \D Ao(vbéﬂw\c..v;f ISR KA o % AN a\vav %% N AV, %! IINATS
KRS ORI Zara UV RN OO Ak RS Wl
SAK DLV AR, NN AR KINIGESRINEY ISELSOAN PN
N VavaV) A% W) K DRINORYS RAASZRH MG\
?.?.».oq» N 2% ) ¢ NSO DY, PPODKNEON TR, PSRN A
A4y, .va%\lacba\l. IR DHPEEK %2 KIS ASIAAKK] N % ISR
< ALK/ ‘vihm < AVaV S aNs Q'/c\. 5 2O 0”."‘& o'o"'a‘\' N/ AD J\PS /\ D A\ “ -
..."nm.....w....«.\s&u.vum,.., ;..,w;..w«w.m%wﬁ...s@....unn..»a.w.......,.mm.m..aﬂ..mn.m
KALATLE RIS K N Ty D 972 7AYaY IO X PRI A A
?ap.va.&rﬂa.»« SOV PR 7 eaval % KRR S O
2.5 s Y N\ /K NZa AN N 2 KD/ S\ A [ a%»
vAvAV\Dd.%tc.'& 27V % .sf.nctc'bcoba»cl
v g VY, a% > 4 AVey 2R avavaty QYA L
RN mcm«u«aw.m»ﬁumm.«.
m».ﬁm..sa.,ﬁ%wv. XERR
U
AR
SOSON A9
RS XRRIXR
«.«.«»@«..u@«.mmw&-«
V' 2% - \/ 4,
SNy
AN,



Nested dissection reordering

Input Mmesh Ordered Laplacian




Nested dissection reordering
Ordered Laplacian

Input mesh
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Nested dissection reordering

Input matrix Cholesky factor L7
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Nested dissection reordering

Cholesky factor Elimination tree
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Nested dissection reordering

Input mesh
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Applications: Parameterization




IS 1t worth 1t7?

patch size: 2 x 10°

Refactorize and solve on submesh
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s it worth It
patch size: 2 x 10°
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IS 1t worth 1t7?

Refactorize and solve on submesh
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time (ms)
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IS 1t worth 1t7?

non-sparse solve

@® sparse solve (our approach)
refactorize & solve
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Amortization of factorization time
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e Only works if the requested values are local.
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L imitations

e Only works if the requested values are local.

* [he local problem needs to be formulated in terms of a global operator.



Conclusion

Back-substitution can be significantly accelerated if only a few values are
requested.

f requested values belong to a localized patch on a mesh, performance
benefits the most (because of nested dissection).

Considering sparsity in the solution can improve performance by orders of
magnitude.

The method is trivial to iImplement.



Thank you for your attention!

Contact: philipp.herholz@tu-berlin.de
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Applications: Auto-diffusion

o Compute heat diffusion from a single
source vertex and evaluate the amount
of heat staying at the source after some time.

e Only one value in x Is required.




